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ABSTRACT

STINT is a program for the numerical solution of stiff systems of ordinary
differential equations, when the initial values are given. It is particularly
well suited for solution of stiff systems, wherein the Jacobian matrix has com-

plex eigenvalues near the imaginary axis. The program is based on a set of cy=

clic composite multistep methods of orders 1 thru 7.




1. INTRODUCTION

The program STINT (STiff INTegrator) described herein is intended for ob-
taining—efficiently and reliably—the numerical solution of a system of stiff

ordinary differential equations (ODE's) of the form

dyi
F TR fi(yi(t),-..,yv(t),t), i=1,...,v Bt (1.1)

with yi(tO) given. The system of equations (1.1) is usually expressed in the

more compact, vector, notation
y{t) = £(y(t),t), (1.2)

where i, Y and f are vectors of length v. Given the function f and the initial
condition Y(to)’ STINT then computes a numerical solution of (1.2) on the inter-
val [to,tf] by generating approximations y, to Y(tn) on a mesh ty = tp <ty <o
< tF = tf. This mesh is selected automatically by the program, subject to being
overruled by the user. The selection process, for reasons of efficiency, has as
its objective maximization of the step-size hn+l = tn+l - tn’ while not intro-
ducing a single-step error greater than the user's pre-specified value.

Note: The code STINT is unsuitable for obtaining numerical solutions of
systems of retarded differential equations, stochastic differential equations,
and higher (than first) order differential equations. However, as is well
known, the last-mentioned system can be always reduced to a set of first order
ODE's, such as (1.2), to which STINT is applicable.

As test results attest to, STINT is suitable for numerical solution of a wide
class of systems of stiff ODE's. However, it is particularly well suited for
solution of stiff systems, wherein the Jacobian matrix fy(y(t),t) has complex
eigenvalues near the imaginary axis. -

The motivation and importance of the problem of "stiffness" is discussed
in Section 2. The class of methods which form the basis for the numerical inte-
gration algorithm on which, in turn, the code STINT is based is described in
Section 3. Section 4 is devoted to a discussion of the implementation of the

basic integration algorithm into the program code STINT. The usage of this

code for numerical solution of a typical "stiff" problem is explained in Section
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5. This section, which is to be viewed as the user manual portion of this docu-
ment, is printed on light blue paper. Suggestions, for converting the program
to solve other systems and for'modifying it in order to further improve its ef-
ficiency for a certain class of problems, are outline in Section 6. Finally,
in Section 7, some performance data for the program are given. A complete
listing of the program is provided in the Appendix.

A casual user, who is not familiar with the problems of "stiffness", is
advised to read Section 2 before solving his problem with STINT. If he decides
to use STINT and just regard it as a "black box", it is sufficient to read Sec-
tion 5 where explanations for this type of use are given.

The person primarily concerned with installation of new programs, will
find the information in Section 6 useful. Lastly, the numerical analyst who
needs to understand the code and wants to make an attempt to improve it, will

find the reading of Sections 2 thru 7, we hope, worth while.
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2. PROBLEM OF '"STIFFNESS"

Numerical solution of ordinary differential equations has been the ‘subject
of a great deal of research, particularly in the past twenty years. While con-
siderable attention was given to the analysis as well as design of computational
methods which form the basis of any numerical integration program, it is fair
to say, that the most significant results were obtained in areas of reliability,
conveniencg, and accuracy of these programs. These achievements are due, in part,
to the availability of digital computers. Thus, a hser; who is neither a numer-
ical analyst nor a computer programmer, but who has access to a computer, can
solve a typical problem easily and cheaply. There exist, however, problems for
which finding numerical solutions takes an inordinate amount of time. A class
of such problems is known as '"stiff'". A typical stiff problem has a solution
which, in some regions, is very smooth and rigid—that is, stiff.

Consider the following scalar problem

%% = £(y(t),t) = q(y(t) - p(¥)) + B(L), (2.1)

with y(to) given. It is easy to verify that the solution of (2.1) is

q(t'to)
y(t) = (y(ty) - p(to)) e + p(t). (2.2)

Note: p(t) is the particular solution of (2.1).

If q << 0, the first part of the solution (2.2)—the transient part—will
soon become insignificant when compared to the second part—the steady-state
part. The typical integral curves i.e., solutions of (2.1), for different values

0
that after some very rapid variation, they all fan-in, i.e., converge, to.a single

of t. and y(to), are shown in Figure 1. A common feature of all these curves is

solution curve with which they become almost identical. When the particular solu-
tion is slowly varying, an additional property, that of inherent stability of the
differential equation is observed. To illustrate this property consider the pro-
pagation behavior of small errors introduced in the initial values. For inher-
ently stable systems, these errors will have negligible effect as far as the ex-
act (analytic) particular solution is concerned. This extremely good behavior

is, however, of no consequence, when the numerical integration process is con-

sidered.
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Figure 1. Typical Integral Curves of (2.1) for Different Values
of tO and y(to).

Since the exact (analytic) solution of many problems is often not known
or cannot be calculated, the solution to a different but, hopefully, closely
related problem which can be calculated is being sought. The replacement of
the analytically unsolvable problem by a related, solvable one and its subsé—
quent solution constitutes the numerical integration process. The replacement
of the original problem by a new one is usually accomplished by invoking the
principal of discretization. This principal has lead to the introduction of
many numerical integration methods. Take, for example, the most simple one,

the forward Euler method. When applied to a scalar equation, such as (2.1),
it is given by

Yot1 = Yo ¥ BV | (2.3)

where 9n = f(yn,tn) and tn+1 = tn + h. The local truncation error*, i.e., the
amount by which the exact solution of (2.1) does not satisfy (2.3), can be ex-
pressed as

i %hz'y' (t) + Ok, (2.4)

Neglecting terms of order h3, the error-per-step € (specified by the user) will
not be exceeded during this step, if the step-size h is chosen such that

SR ES——————— e
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The names herein applied to the various error terms are those used in L.F.
Shampine and M. K. Gordon, "Local error and variable order Adams codes,"
Appl. Math. and Comp 1 (1975), 47-66.
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For (2.1), the value of y (tn) is

q(t_-t.)
5 () = afyley) - (e e T T+ H (). (2.6)

Bearing in mind that q << 0 when the step occurs in the region where (tn - to)

. -~ 2
is small, y'(tn) T q (y(to) - p(toﬂ; thus, (2.5) Wi}l be (essentially) satisfied
if

1

h o< ( : 2¢ \ 2. 2.7)
a?ly(ty - pltp)]

On the other hand, in the‘region, where (tn - to) is large, the transient term

(y(to) = P(to))eq(tn‘to) is insignificant. So, validity of (2.5) dictates

that the step-size should satisfy

! 1
[ 2e \ 2
P meT )

Since, by assumption, the particular solution p(t) is slowly varying, the term

b'(tn)[ is small and the bound on h is large. It then follows, that as far as
accuracy (which here means boundedness of the local truncation error by €) is con-
cerned, to resolve the rapidly decaying solution, a very small step-size is

needed (as the bound on h, by (2.7), is proportional to |1/Q|, a small number),
but once the contribution of this solution component becomes insignificant, the

step-size can become large and independent of |q|.

In general, the numerical solution of a problem such as (2.1) is obtained
by repeated application of a method, such as (2.3). Even if one uses infinite
precision arithmetic, only rarely will the calculated values Y agree with the
exact solution values y(tn). The question then arises, how the errors which
are due to discretization and finite precision propagate through the step-by-
step sequence of computations. Since the latter source of errors, although com-
pletely deterministic, is extremely complex to analyze (they are machine depend-
ent. effected by the sequence of arithmetic operations, etc.), we turn our at-
tention entirely to the former.

Let us suppose that an isolated error quantity Cn, was introduced during
the n-th step of our numerical integration process. Since this error will pro-
pagate into the (n+l)-st step, the difference equaticn (2.3) when applied to
(2.1) will becone




Yp#l ¥ Spe1 =Vt 8, + Blaly, + 8 +p(e))) +F ()1 - (2.9)
which, in view of (2.3), reduces to

6n+1 = dn + hq x dn = Gn(l + hq). (2.10)
Now, we do not want the error to grow during the step-by-step propagationi

in fact, it should diminish, i.e., |5n+j| < |5n+j_1|, i=1,2,... It is easily
seen from (2.10) that this will be the case if and only if

|1 + hq| < 1. (2.11)

Remember that the error 6n was introduced in no specific (transient or steady-
state) region. Now, it will be that some errors will be present right from the
outset of the integration process. So, in order to prevent these errors from
growing, the inequality (2.11) has to be satisfied throughout the whole course
of the solution process. The problem of keeping the errors from growing is a
stability problem for a particular numerical integration method. While for most
ODE's accuracy is the requirement—i.e., constraints (2.7) and (2.8) are domin-
ant over (2.11)—for stiff problems, stability—i.e., constraint (2.11) =is para-
mount. This is, for instance, the case when q << 0.

Although the concept of stability was discussed in context of preventing
errors from growing, we can equivalently demand that the numerical solution of a
problem whose exact solution decays be also decaying. The simplestODE having

this property is the scalar equation

y(t) = qy(t), (2.12)

where q is, in general, complex with negatzve reai part. To derive the stabil-
ity constraint, apply a particular numerical integration method with fixed step-
size h to (2.12) and demand that v, D as n + », All values A = gh in the
complex A-plane which satisfy the stability constraint thus cbtained, define the
stability region of this method. Various measures of the stability regions were
recently introduced. Their main value is in helping to categorize different

numerical integration methods which, in turn, is useful in the selection of suit-

able methods for various classes of problems.




The stability as discussed above is admittedly a crude simplification of
the error propagation problem. However, for the most part it gives a useful
insight of the local behavior of the numerical method.

It should be noted that any correctly implemented numerical integration
program detects numerical instability automatically and adjusts the step-size
so the stability constraints are satisfied. However, since such adjustments
are always downwards, the integration process is slowed down and becomes less
efficient than if no adjustments were required. For stiff problems solved by
the forward Euler method, this downward adjustment brocéss, most active in per-
jods with a slowly varying solution, means a problem cannot be run to completion
in a reasonable number of steps. |

One type of remedy by which to overcome the problems associated with stiff-
ness comes from using methods which have large stability regions. The simplest

such method is the backward Euler method; given as

where y Since the local truncation error of (2.13) is the

n+l f(yn+1’tn+1)‘
same as for (2.3), accuracy dictates that the step-sizes in the transient and
the steady-state regions satisfy the inequalities (2.7) and (2.8), respectively.

Studying the effects of stability leads to the stability constraint

1

=g <1 (2.14)

Now, for any h positive and q complex with negative real part, it is easy to
show that (2.14) is always satisfied. This means that the step-size used with
the backward Euler method need be constrained only by accuracy requirements.
Thus, when the rapidly varying transients become quiescent, a step-size limited
by (2.8) not (2.7) may be used.

This important feature is bought for a price, however. This price is the
implicitness of (2.13) which is, in general, typical of all methods with good
stability properties. Although solving an implicit equation is admittedly a com-
plex task, the manyfold gain in overall efficiency of the integration process
makes paying this price worth while.

While the preceding discussion of the problem of stiffness has been confined
to tﬁé scalar case, more often than not we are faced with a task of solving a vec-
tor equation, such as (1.2). How can the concept of stiffness be extended to cover

this case is shown next.




The solution of (1.2) can be st:“:ied L* iinearizing it around a particular

solution g(t), i.e., by examining

§(E) = £(g(0),6) + £ (g(6),) * (y(©) - g(D))

= gy(g(t),t) x (y(t) - g(t)) + g(t), (2.15)
where gy(g(t),t) is the Jacobian evaluated along the particular solution g(t).
If we assume that the Jacobian varies slowly, it can be approximated by a con-
stant matrix J. If, moreover, its eigenvalues q are all distinct, there exists

a similarity transformation such that the set of coupled equationms
() = J(y(t) - g(t)) + g(¢v) (2.16)

is decoupled into a set of scalar equations, each one of which is in the form of
(2.1). while the accuracy constraints for both, the forward and the backward
Euler methods, allow the step-size to increase every time a transient component
becomes insignificant, the stability constraint (2.11) of the forward Euler meth-
od limits the step-size, throughout the whole range of integration, to a value
dependent on the largest (in magnitude) q- On the other hand, since the stabil-
ity constraint of the backward Euler method is always satisfied, once a transient
looses significance, the step-size can be increased.

While only a few practical methods possess a stability property identical
to that of the backward Euler method, i.e., every point of the entire left half
complex A-plane (A=qgh) satisfies the stability constraint, there exist a host of
methods whose stability regions contain large portions of the left half A-plane.
Optimization of a particular stability region measure over a family of cyclic
composite methods has lead to a set of methods which form the basis of the pro-
gram STINT. However, before describing this particular set in detail, we devote
the last part of this section to discussion of where stiff problems generally
arise.

It has been observed that, typically, systems of stiff ODE's are encountered
when a physical process in one of the following areas are modeled: electrical
circuits and systems, chemical reactions, reactor kinetics, and various problems

of dynamics. In addition, stiff problems arise in the mathematical processes of

semi-discretization of partial differential equations and solutions of boundary
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value problems via initial value problems. One way to detect stiffness in the
first four areas is from physical considerations, e.g., greatly differing time
constants, presence of large and small concentration change rates, etc. In gen-
eral, one suspects a problem as being stiff if its solution is known to be very
stable with the dependent variable changing significantly on widely different
scales of the independent variable. Stiffness can also be detected by other than
physical arguments: When a program not designed to handle stiff problems is
applied to such, it will appear very inefficient. For example, more than 100
steps are taken over an interval in which the solution'chgnges by less than 17%.
Practical experience shows that even with programs designed to handle stiff pro-
blems the solution is still relatively expensive. Thus, in general, the accuracy
requested should be closely related to the precision with which the fundamental
quantities of the model are known and for which the model is valid.




————— g
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3.1. THE COMPUTATIONAL METHOD

As was pointed out at the beginning of the preceeding section, the majority
of the computational methods for numerical solution of differential equations
are obtained by application of the principal of discretization. According to
this principal an approximate solution to a problem is sought not over a con-
tinuous interval but, rather, on a discrete set of points. We are thus seek-
ing a sequence of values ¥n which are approximations to the theoretical solu-
tion Z(tn) at tn. A computational method supplies the means to generate such
a sequence. Since we are interested in a '"good" approximation to the exact
solution, an acceptable computational method must result in a discrete solution
which is close to that of the problem whose solution is sought. This closeness
is often determined from analytical (and, in a few cases, geometrical) inter-
pretations of a particular computational method. The former often involves
Taylor series expansions and interpolation, while the later is based on graph-
ical observations. While the more simple computational methods (i.e., Euler
methods, Trapezoidal rule, explicit Runge-Kutta methods, to name a few) were so
interpreted, it was soon realized, that the resulting observations could be
generalized. This has lead to the introduction of, among others, the general
class of multistep methods. A linear k-step method may be written ‘

hp =0 (3.1)

1
LIogynyy = Bogdn, 40 = 0

I= -k+l

where aj and Bj are constants, and 2n+j = f(¥n+j,tn+j)'

It was concluded in the previous section that to achieve efficient numer-
ical integration of stiff equations it is necessary to use methods with large
stability regions. Since this property is not shared by classical explicit and
most implicit methods, an extensive search began for new methods with superior
stability properties, as well as higher accuracies. Recently, a class of methods,
the composite multistep methods, was introduced. This class subsumes the class
of linear multistep methods in that, a member of the former class is composed of
one or more of the latter. A particular subclass of the class of composite mult-
step methods—the cyclic composite methods—forms the basis for the new set of
computational methods employed in the program STINT. The development of these
methods is described next.

Consider the differential equation (1.2) which is, for the reader's conven-

ience rewritten as
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y(t) = £(y(v),t), y(t,) given. (3.2)

Suppose that (3.2) possesses a unique solution y(t). Now, set t =ty +nh 1

(n=0,1, 2,...) and let e denote the approximation of y(t ) defined for
n=m+3 (G =1...52 and m=0,1, 2,...) by the set of 2 linear multistep

formulas
R
Ll043Y00ey = BB1iTpgeg] = O 1= Looeesly 44(3.3)
j= -k+1

where Yr f(zn,tn). This set, solved simultaneously for a block of solution

~

values Yoo+i? defines a composite multistep method.

Next consider the expression

L
L, [y(t_,,4)-h] = 2[“ij¥(tm2+j) TP (R (3.4)
j= —k+1
i.e., the amount by which the exact solution y(t) fails to satisfy the i-th con-
stituent formula of (3.2). Under the assumption that y(t) possesses a convergent

Taylor series for t € [tm ], we can write (3.4) as

—k+1, Cme+e

©o

- &) 3, '
Ly [yCepgpg)sh] = Dygge  (Epgyg) b (3.5)
3=0
where 2
Yi0 = 194, (3.6a)
v= =k+1
and
o %[—1- v - i)j N S (v - i)j_lﬁ 1 >0 6
Y1y = L5 %y TG - D! juis 3> 0. (3.6b)
v= -k+1
Let pi be the largest integer such that Yij =0 for j = 0,...,P , Where Yij is
given by (3.6). If P = MINl<1<2{P }, then the composite multistep method (3.3)

is said to be of order p. Note: If a composite multistep method of order p is
used to integrate an equation whose solution is or can be expressed as a polynomial
of degree no greater than p, the numerical solution will be identical with the ex-
act solution, except for round-off errors. The order of the method can thus be
considered as the first (possibly crude) measure of its accuracy.

The composite multistep methods which satisfy the constraining relations
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ajy= 0
JLy;_>_j>i_>_1. (3.7)
Bij=o
are said to be cyclic. This subclass of the class of composite multistep methods
is important because the simultaneous solution of the set of formulas (3.3) can
now be carried out efficiently by solving the formulas cyclically—first, that
for 1 = 1; second, that for i = 2; and so on. Thus, the effort expended in solv-
ing for £ solution values Yma+1 through Yo+ is ng greater than that required
when using the same fixed-sFep multistep method ¢ times. Yet, by using a cycle
of multistep formulas—not éll the same, there is éreated the possibility for
stability properties superior to those corresponding to the "best" multistep me-
thods.

While each constituent formula of a general composite multistep method con-
tains 2(% + k) parameters (i.e.,undetermined coefficients), the number of para-
meters in the i-th constituent formula of a cyclic method is, in lightof (3.7),
2(k + i1). This number can be further reduced if we reguire each constituent formu-
la to be a k-step multistep method, in other words,fif we demand that each formula

span only (k + 1) points. This will be the case, if the constraints

aij =0

Bys =0

} -k + 1> j (3.8)
1j

are satisfied. Then, there remain 2(k + 1) parameters to be further specified.
If we demand that, for accuracy, each of the constiﬁuent formulas be of order Py =
k, then in view of (3.6), (k + 1) additional constraints on the 2(k + 1) remaining
parameters will be imposed. Once these order constraints are satisfied, each con-
stituent formula will still contain (k + 1) parameters. These can be used to en-
hance the cyclic method's stability properties. '

In our discussion of stability properties for a '"good" stiff integration me-
thod we required, when such a method is applied to solve (1.2) with g(z(t),t) = qy,
that Yt 0asn~»>ow for every point A = qh in some large region in the
left half of the complex A-plane. Now, when A + =, a point which should be a part
of any large stability region, Y5 might cease to decay, i.e., [yn+1/yn| -+ 1 as
A + o, It can be shown, that to achieve |yn+1/yn| <p <las) > = it is sufficient

for the parameters Bij of (3.3) to satisfy the following constraints:




511 #0, (3.9) ;

When this constraint is satisfied, each constituent formula then contains
MIN{i, k + 1} parameters.’ Since each formula can be scaled—multiplied by a
constant—without effecting the order or stability of the method ~one parameter {
should be viewed as a scale factor. There then remain MIN{i = 1 k} arbitrary M
parameters in the i-th constituent formula. ‘

Before proceeding further with our description of the development of the

new set of methods, we recapitulate what has been done so far. We started from ‘

F B i
1j and Bij so

as to specify a method which has a number of desirable properties, such as: com-

a general composite multistep method and chose the coefficients a

putational ease (conditions (3.7) and (3.8)), accuracy (condition (3;6)), and
error decay (condition (3.9)). The remaining undetermined coefficients were
used to accomplish the following task: Establish a set of cyclic methods which
through order six exhibits improved stability properties, order-by-order, over
the backward differentiation methods and which exhibits stiff stability pro-
perties at order(s) exceeding six. The chosen measure of goodness was the angle

a €(0, 7/2], determining the set

Sq = {ziang(—z)l <o,z # 0},
such that for any complex constant hq € Sa all solutions of the cyclic method
applied to solve (1.2) with £(y(t),t)

The search for these new methods was carried out in two stages. During the

qy, tend to zero as n *> «,

first stage, a cyclic method of cycle length £ whose each constituent formula

was of order k and whose coefficients satisfied conditions (3.8) and (3.9) was
synthesized. In the second stage, the stability property—as characterized by
the value of a—of the new cyclic composite method was numerically evaluated.

1f the value of a was found to be the largest achievable for those values of k
and ¢ and superior to the corresponding value for k-th order backward diffefenti-
ation method, the search was halted. Otherwise, a new synthesis was—possibly
with a different f—was performed and & measured again.

The synthesizing process was as follows. First, a set of k + 1 linearly

independent multisteps methods, each of order k and whose coefficients satisfied
conditions (3.7) and (3.8), was determined. Then, for each i = 1,,.., £,a linear
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combination of these methods was formed to realize the i-th formula of the me-
thod. The value of % was kept as small as possible by doing the search with £
incremented by 1 from 2, until the maximized value of o exceeded that for the
backward differentiation method of the same order.

To illustrate this process, consider the k + 1 = 4 linearly independent
multistep methods at order k = 3, subject to (3.7) and (3.8), given as:

O 2-}~'n+i-3 v 9¥n+i—2 - 182n+i—l + 11¥n+i - h6¥n+i ey 9
F2:  Yoeaes " Yneso t Mawir Y Hows T PO¥pen 70
F3: =2y .33 ~ SFhwi2 T Fnwir T Yobr T Pneio = O
Fhi -y % 800400 0 Mpeg1r 0 e T POyt 9 G110

From this "arsenal" of multistep formulas, the new cyclic composite method of
order 3was obtained as follows: Each constituent formula was obtained as a linear

combination of Fl through F4; thus,

Cy F1 + C;pF2 + C;5F3 + C,,F4. (3.11)

Obviously, to satisf& (3.9) Cij
imized at £ = 3 with (i = 1) C11 =1, with (i = 2) C21 = 1 and 022 =v0, and with
(1 = 3) C31 = 1/3, C32 = -2/3, and C33 = -2/3. The third order cyclic composite
method thus realized may be written as

0 for j>i. The value of o was otherwise max-

- L - héy = 0
a2t Nypq ~ 18y + MYy Yne+1 2
i 27 B ATIRE L AVRS ) AP - h6y o : =0 (3.12)

- 12y

w0

NWng+1 w2 T mers T AT 0y 7 Wogas el <

Since the maximized angle a for (3.12) was found to be greater then that cor-
responding to the third order backward differentiation method, the cyclic method
(3.12) was accepted as the new third order method. The cyclic methods of orders

three through seven, derived in this fashion are presented in Table 1. Note,

that for orders p = 3 and 4 the new methods consists of three constituent formulas;
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for p = 5, 6, and 7, each method consists of four constituent formulas. The
values of the angle a for the new methods as well as for the backward differenti-
ation methods are given in Table 2. The reason why the methods of orders 1 and

2 and their values of a are omitted from the Tables 1 and 2 is explained next.

i 1
=k = pP=k=6
’ & 1 2 3 1 2 3 4
2.2 o o | 0 . a o o |
R L 'g g 4| .72 202 . O 0
TS e S T 3| 225 1485 195 0
2.0 11 ei2 -2 | =400 4550 =1399 285
e 0L 0 i 5 -1| 450 =-8100 4340  =2039 | _
w J 0 |e360 9150 7540 6225 ¢ ij
SChIEO) OFL i3 1| 147 7277 8905 =10360
Kl 2 0 2930 7445  1845§
ity ol Py o L 3 0 0 2944 =14865
2| 0 6 es y ) o ) 2299
3 o o 2 )
Ol ) 0 0 o |
-4 0 ) () 0
i -3 0 0 0 0
PRt by T ey L B 0 0 0
. -1 0 0 0 o (g
-3 3 o 0 J 0 0 0 0 (o} 1j
-2 ~;: !2 ‘? 1 60 e60 =420 “1}80
.- - 2 0 1200 60  =4080
S - A A R 3| o 0 1200 4680
2| o 25 -272 y 0 0 0 1200
3] o o 93 .
31 0 o 0 ) 1 ]
210 o0 0 p=h=7 ;
-1 0 0 0 1 2 3 4
j ©°] o o o ¢+ Bij ' ’
e 0 e -6 | 60 0 0 0l
IR . =5 | 490 <60 0 0: f
: : -4 |=1764 490 «210 0
-3 | 3675 ~1764 1722 «774 :
i -2 |~4900 3675  ~6235 6349 -,.
p=h=¥ . SN ; -1 | 4410 ~4900 13100 <=22988 So(iJ- i
i 6 {»2940 4410 <17650 48160 ]
4| 2 o 0 0 y | 1089 <2940 17710 -66290
-3 75 .12 0 0 2 0 1089 ~131297 68159
. 3] 9 o 2se0 ssazsk
j ©0|-300 300 -1940 780 ¢ %y 4 0 0 0 9748
! 137 <300 ?980 ~1680
2 0 137 =3030 5470 -6 0 0 0 0]
3 0 0 1373_ «5595 -5 0 0 'o 5 0
N L g 1358 -y 0 0 0 0
-4 0 0 0 0 ) -3 0 0 0 0
-3 0 0 0 3} -2 0 0 0 0
-2 0 0 0 0 i 0 0 0 0} 8,
Lo g 0 g g o o 0 o} 0 0 4
J 0 S 1 1| 420 0 ~600 840
; 9 & 0 1850 : 2 0 420 ~1860 ~2100
3 0 o 600 =1530 3 2 (o] 1200 -g400
Y o 0 0 600 / y 0 0 0 4200 J

Table 1. Cyclic Methods: Values of coefficients.
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o
New BDF
p | Methud !
301 89.43° 86.03°
4 80.88° 73.35° |
5 77.48° | 51.84°
6 63.25° i 17.84°
7 33.53° | ..
L 1

*The order seven backward differ-
entiation method does not exhibit
stiff stability.

Table 2. Comparison of a-values.

The backward differentiation methods of orders 1 and 2 are, respectively,

Yo * Y41 " Py =0 (3.13)
and
Ip-1 " 4Xn * N4 T h2Zn+1 70 (3.14)

The value of a for both of these methods attains its maximum—a = w/2; therefore,
no further improvement in a can take place. Thus, the methods (3.13) and (3.14)
are taken to be—with £ = 1—the order 1 and order 2 composite cyclic methods,
respectively.

The better stability properties of the new cyclic methods over those of the
backward differentiation methods, as attested to by the greater value of o for
the former, should permit a numerical integration algorithm based on the cyclic
methods to increase the step-size more rapidly than an algorithm with a similar
structure which is based on the backward differentiation methods. As indicated
in Section 7, the performance data do show improvements in efficiency for stiff
problems wherein the eigenvalues of the Jacobian matrix are complex and rela-
tively close to the imaginary axis.

Since the goal of the research which has lead to the new cyclic methods was

to develop methods with significantly superior stability properties over those

enjoyed by the backward differentiation methods, as measured by the angle a, the
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new cyclic methods may not necessarily be the best. It is entirely possible, ar
even very likely, in view of the fact that the parameters Cij in (3.11) were
"manually" set in an interactive computer search for the maximum «, that better

and simpler cyclic composife methods exist. An interested reader is invited to

try the development of such methods on his own. For those, who are satisfied

with the methods obtained thus far, in what follows, we describe how they are

implemented in a numerical integration algorithm.
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3.2 INTEGRATION ALGORITHM

A program embodying the set of seven cyclic composite multistep methods
presented in the previous sub-section will have to use particular techniques for
starting the process, for solving a chosen cyclic method, for determing accept-
ance of a solution, and for changing the step-size and/or order as necessary.

It may be said that the choice of these techniques is at least as important as
the choice of the method itself. The description of these techniques and how
they interact constitutes the integration algorithml It is convenient to divide
the algorithm into segments within which one or several important procedures
take place. The integration algorithm described herein is modeled after that
due to Gear and later improved by Hindmarsh. The principle segments of this
algorithm are: (i) initialization, (ii) solution, (iii) error control, and

(iv) step-size and order control. Their interaction is as shown in the block
diagram in Figure 2 and as summarized, except for initialization, next.

The past solution values ng_k+1,...,zml—-separated by step-size h—are

assumed to be known. Then, on entry to the algorithm, the index i is set to 1

and
i .
z[aijzm!Hj = b8y Tngeg! = O (3.15)
3= -k+i

with

Toets = Emetstmpss)?

where aij and Bij are as given in Table 1, is solved for Ymo+i and Vonodi®

After the second and each subsequent step —there are % steps in a block—

an error test is performed and, if the estimated error is within the pre-specified,
per-step error tolerance, the step is accepted; otherwise it is rejected. After
all 2 steps are accepted or when a step is rejected, control passes to the step-
size and order control segment. There, the largest step-sizes, consistent with
the allowed error tolerance, at the current order and (except when a step was
rejected) at orders one lower and one higher are established. If a step was re-
jected, the entire block is repeated using the new step-size at the current order.

Otherwise, the largest step-size and the corresponding order to be used when the

algorithm is entered next time are recorded and exit from the algorithm occurs.
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INITIALIZATION
(IF REQUIRED)

SOLUTION
(COMPUTE NEXT
SOLUTION VALUE

INCYCLE)

ERROR CONTROL

(PERFORM ERROR)
TESTON PRESENT
SOLUTION VALUE)

STEP SIZE AND
ORDER CONTROL
(COMPUTE STEP-SIZE
AND ORDER FOR
NEXT OR
REPEATED CYCLE)

SET-UPTO
REPEAT
PRESENT CYCLE

FIGURE 2 BLOCK DIAGRAM OF ALGORITHM

-
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A detailed description of the four principle segments of the algorithm is

given in the following.

Solution Segment

Each constituent formula of a cyclic method is an implicit, vector algebraic
equation. 1t is solved by a modified Newton method which is described next.
For each i, equation (3.15) may be written as

B, i-1

L e @
anI)‘ o Z [0‘1 i+ hBijZm2+j]’ (3.16)

Ymi’;"i ag s §(¥m9,+1
j= -k+i

where the right hand side is a scaled sum of known quantities and, hence, con-

stant. Rewriting (3.16) as

E(¥m£+i) = g(zmﬁ+i) - Q = 0 (3.17)

where
- -p i

CQmpts) = Imgas =0 oy ASAVIETLIE

and
oI
Cis 3 o Loy ey = BBy dnpe)s
= -k+i
and assumin ) )
g that y A+ is an estimate of the solution, the next estimate y e+

obtained by the Newton method is

)

(v+1) _  (v) -
mH  ImR+i H(ym9.+ Yov=10, 1, 2,..., - (3.18)
where
H B
R RO NES I e i
LY = Yo+t O44

with I being the unit matrix and 35 being the Jacobian matrix of (3.1) evaluated

at (Y(Yzi,t 2+i) Evaluation of gv—-hence, of W  and, more importantly, of Uv -

may be a difficult as well as time consuming task. We may avoid such evaluations
-1 -

during all but the first iteration step by letting W = wol =W 1. This leads to

the simplified Newton method which after substitution of (3.17) into (3.18), after




22 1

re-arrangement of the resulting terms, and after dropping of the subscript mf+i,
yields

B B8
[I ol ;11 J] z(\)+1) AN Eii [g(z(v)’t) _ gz(V)] + g. (3.19)

~

ii ii

Now, replace v by v - 1 in (3.19); then subract this result from (3.19). After

re-arranging terms, we get

o e
+ ;ii vimeg™,0 - a1, (3.20)

g(v) = hg(z(v"l)’t) +h g(z(v) - z(v—l)).

)

Equation (3.20) defines a recurrence relation for y

v)

s Vv=1, 2,...; a similar
relation is easily shown to exist for d , namely

dOD = g L™ ey - ™y, (3.21)

‘Observe, that the "correction" terms in (3.20) and (3.21) differ only by a scaling

factor-ﬁiilaii. Note also, that, by accumulating the correction term of (3.21)

during the iteration process, we are able to recover the starting values y(o) and

g(o) whenever desired.

The starting values for the recursion processes (3.20) and (3.21) respect-

(0) ) _ :
ively—the values Yme+i and gm2+i are obtained from the following expressions:
i-1
o) ___1_ * - e :
AP e O AT LT AIED (3.22)
%11 j= -kti
and
i-1
0) _ 1 * * _ * * .
dpeti = 7% 6 ) SCHLT % 3% 1) Tmet oy 8iq=Bi3% 1) mery!-
®31P41 §= -k+i
(3.23)
Note: The expresions for Y(O) and d(o) are linear combinations of earlier,
mi+i (0)~m£+i (0) (1)
known quanti;é;s. Morez;;r, if Ymo+i satisfies (3.16), then Yooti = Ymoti =
Yoo+i? and d L. = h§(¥m£+i’tml+i) = himl+i' Therefore, as zégli is the predicted
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0)
value of of Zm2+i’ §m£+i

can be viewed as the predicted value of himl#i' Sim=
ilarly, just as y&v is considered the v-th iterate for Yng+i® SO too can

d(v)
L+ ~m+i
be considered the v-th iterate for hzm£+i.

For simplicity, the predictor formulas for y(o)

Yme+i 2T€ the same for each i;

i.e.,

* *

aij =‘“i—1, j-1 1=2, g
(3.24)
B, =8 =k +1
ij = Bi—l, 4-1 j=- " 10" 91 2
For 1 = 1, the predictor for Xégil is required to be of order & and to have the
form
0
) _ ¢ * %,
Yorun = Ia1j¥m2+j + hB oY .- (3.25)
j= -k+1

2 . * *

Under these conditions the coefficients alj and Blj are completely specified.
. % g

flote that Blj =0 if j # 0.) Once they are known, they can be used together

with the coefficients of the k-th order cyclic composite method, to obtain the

0) * *
coefficients for §m2+i as specified by (3.23). The coefficients alj and B1

for orders k = 1 thru 7 are given in Table 3.
The simplified Newton method described thus far requires one evaluation of

0

the iteration matrix——@rl, the inverse of the Jacobian matrix of the algebraic
equation (3.16)—per integration step. Since this evaluation requires very many
arithmetic operations for large systems, it is important to consider just how W
changes from one integration step to the next and then whether g’l might be evalu-
ated less often. We do this by observing the changes in its constitutents: (i)
J, the Jacobian matrix of the differential equations, (ii) h, the step-size, and
(1i1) Bii/aii’ the scale factor for the computational method in use. For i =
1,...,% the step-size h is fixed and the changes in Bii/aii are small. Assuming
the changes in J during these g steps are also small, the convergence properties
of the simplified Newton method will not be substantially effected, if the itera-

. tion matxrix is evaluated only once——at the beginning of a block of % fixed step-

slze inﬁegfation steps, When block~to-block changes in the iteration matrix are
considered, it has been observed that monitoring the variation in the factor
h B,./a,, since the last evaluation of the iteraton matrix is of importance. Num-

11" 744
erous observations of the changes in this factor and of those in the value of the

iteration matrix, together with various reported expe: . :nces, motivated a further




24

relaxation of the criterion for evaluation of the iteration matrix. The new ]

criterion is: (i) for changes in h Bii/aii less than 40% since the last evalu-

ation of the iteration matrix, no evaluation of w_l is performed, (ii) for changes

are between 407 and 807, w_l is evaluated without a concurrent evaluation of J,
and (1ii) for changes greater than 80%, both J and w-l are evaluated. The sim-
plifed Newton method with the iteration matrix evaluation criterion so relaxed

is called the modified Newton method. Note: Since the variation in Bii/aii

for 1 = 1,...,% is always less than 20%, for simplicity, the change in the value of

h Bii/aii is tested for only once in the block of (&) steps—at its beginning.

s oy oo el SR SRR S o e siie

* * * * * * * * f
E U a0l ®1,-6 | %a,o5 | % wsile Snmandie oy [ty maig |
1] 1 1
i
T
2 | 2 1 0
1 6 3
3| 3 -3 - | -3
| 1 6 18 10
o 3 "3 3 |73
_3 | 20 | _eo | 120 | _ss
>3 12 12 12 12 12
6l 6 | 2 |1 50 | _100 | 150 | _77
0 | "10 10 10 10 10
- (10 | 84 | 315 700 | _1050 | 1260 | 609
6 . 60 60 60 60 60 | 60
|

Table 3. Coefficients for the y;xll predictor.

The test for convergence of the modified Newton method used for solving (3.16)
employs a look-ahead feature. Lert

(V) (v) ”

Smpas = 1V IRECY a1 taga) ~ dmpad (3.26

where w'l is the iteration matrix of the modifiea Newton method, where yézii and
(V) .
£+i are, respectively, the v-th iterates for Ymo+i and hy o ? and where “ [[

denotes a weighted RMS norm.
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Furthermore, let
G(v)
41
C, = MAX{0.9C__ e SRR (3.27a)
v 6( -1)
ml+1i

be the modified convergence rate between the (v - 1)-st and v-th iterations.
Set

R
B i 2p + 4 ’ (3.27b)

where € is the pre-specified, per-step error tolerance, and p is the order of

the method. Now, convergence is assumed to have occured if

6(v)

meti X MIN{1,2 cv} <B (3.28a)

Note: CO is the last value of Cv from the previous step.

When (3.28) becomes satisfied, it is assumed that convergence has been or
would be achieved after the next iteration. In either case, the iteration pro-
cess is terminated. Note: The look-ahead feature as implemented assumes linear
convergence which is, for the modified Newton method, indeed the case. The fac-

tor 2 is applied to insure that on the next iteration, if performed, the in—

eguality G(v) < B would be much more than satisfied. By not performing that
next iteration the number of function evaluations is reduced. Note: The look
ahead feature is rendered somewhat conservative by allowing the convergence rate
to decrease by a factor of at most 9/10 on any one iteration. Furthermore, the
use of B rather than ¢ guarantees that the algebraic equations will be solved

to somewhat greater accuracy than just the pre-specified error tolerance.

Other heuristically established features of the solution segment are: Wo
more than three iterations of the modified Newton method are allowed. If con-
vergence is not achieved by the completion of the third iteration, it is assumed
that convergence will not occur. At this point, the iteration matrix is reeva-
luated, if it has not already been evaluated for the current block of steps, the
zero-th iterates y( ) and d(o) are recovered, and the modified Newton method is
invoked again in an effort to Pstablisﬁe the solution value. TIf it has been pre-
viously evaluated for the current block of steps, the step-size is decreased by
a factor of 3/10, provided it exceeds a least step-size, and the iteration matrix
(without the concurrent reevaluation of the Jacobian matrix of the differential
equations) is reevaluated. In the case that the step-size does not exceed a
least step-size, the order is reduced to two, if it is greater than two, and to

one, if it is equal to two. In all these cases, the solution process for the
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entire block is begun again. If the block cannot be repeated—the step-size

i

and order are as small as possible—then an exit from the algorithm, with an

appropriate indication, takes place.

There is no theoretical justification for the limit of three on the num-

ber of iterations. However, test results indicate that: (i) if four or more
iterations are allowed, the number of times the convergence test has failed
is not appreciably less, and (ii) if no more than two iterations are permitted,
the number of times the convergence criterion is not satisfied is considerably
greater. The consequence is a significant increase—in the second case—in the
number of times the iteration matrix is reevaluated, and —in both cases—in
the number of function evaluations.

When the solution has converged, control is transfered to the error con-

trol segment which is described next.

Error Control Segment

Whether or not the solution generated in the previous segment‘will be accept-
able to the user is determined in this segment. As this solution is only an ap-
proximation to the exact solution of the ODE (which, unfortunately, is not at our dis
posal), the need arises for an estimate of the error of this approximation. from
the approximate values available. Ideally, we would like to check on the qual-
ity of the approximation after every integration step. However, the necessary
solution values for obtaining an error estimate after the first steo in a block
of % steps are not always available. Thus, an error test is performed only
after the second and each subsequent step. There exist, then, two distinct
stages in the testing process. In the first stage we consider acceptance of
the solution after the second integration step. During the second stage, the
solution generated at each subsequent integration step is tested. The classical
concept of the local (stepwise) error is readily applicable to the second stage.
The appropriate concept for the first stage, that of blockwise local error,
is developed next.

Consider the cyclic composite multistep method of order p and the local
initial value problem

£(t) = £(z(r),t) (3.29)
with

2(t ) = Yo, (3.30)
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By reference to (3.4), under the assumption that g(t) is sui.iciently. smooth,

it is found that

Li[?f(t 2+1) h] = Y p+1 (p+l) (tm"+1)hp+l Xt m[hp+2 (3.31)

where the Yi pHl is given by (2.6b). MNote: Py rather than p should appear in
(3.31), but the orders of the constituent formulas under consideration are all

equal; that is P, = p for all i. Hence, for all i, the v, do not depend

i,p+l
upon 1.

] .
The Li[f(tm2+i)’h] s can be catenated to yield

_ (p+1) p+l | A P2
Llz(t p,5)5h] = (1, ,® Dz (t ,43)n0  + 07, (3.32)
where Y pt+l [Yl p+l""’Y2 +1]T and ® denotes the Kronecker product. As
Li[g(t l+i) h] is the local discretization error for the i-th constituent formula

of the composite multistep method, g[g(tm2+i),h] is that, in a blockwise sense,
for the method as whole. Under the simplifying assumption that the stored values
~m£+J’ j=-k+1,...,0 coincide with the exact values z(tm2+j) of the local
initial value problem, the blockwise local error—i.e., the local error accrued
in stepping from tm2 to tm2+£ step - by - step—is related to the blockwise

local discretization error as

it S -
z tml+l Ime+e
% : +1) ,; +1 +2
et N SR B G 1)z P (¢ BT O], (3.33)
2t | Imend
with § = Afl where the matrix A-1 is given as d = A"
s (A €p+l’ g (N 'O'Pfd
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Note: Although the Zmz+j and §m2+j’ j=1,...,2, appear in reverse order in

(3.33), the vector §P+1 follows conventional ordering. Now, to use (§p+l ® I)

+1 £ P+l
g(p )(tm£+i)hp » the principal part of the blockwise local discretization

error, for error estimation, it is necessary to approximate z(p+1)(t l+i)hp+l
= m

by solution values which are available. The approximation chosen is VP+1y o4i?
| o

where the notation Vigj means the backward difference of order i formed from vy,,

Note, Vp+

~

1 p+l : (p+l) p+l
Ymg+i 2PProximates V- 'z(t . o) = z (t)h for

m2+i—p—1’tm2+i]’ an interval containing tm2+i'

The first phase of the error estimation is as follows: After the first two
p+l
v

Zj—l""’Zj—i'
some Te[t

integration steps, Yma+2 is evaluated.* (Note that the value of i is set to

2.) The solution values Yma+1 and Yme+2 obtained in the two steps are then ac-
cepted, if p

€ €

Vol < = 5 (3.34)
Impr2 !l w = WAXCS, 08, Y TS

'IVP+1

where || * llw denotes the same weighted RMS norm found in (3.26).

Next, consider the local initial value problem

z(t) = £(z(t),t) (3.35)

with

IO I A L e (3.36)

As before, if z(t) is sufficiently smooth

) _ (ptl) ptl p+2
L [z(t_,,3),h] = Y, p+1? (t 4P~ +OIT 71, (3.37)

Under the simplifying assumption that the values le+j’ for j=-k+1i,...,1 -1,

coincide with the exact values of g(tm£+j). the local error in stepping from .

toeti-1 %° Emoes 1S
v
.y - - _i,ptl (p+l) P+l p+2
g(tm2+i) I me+i ay § (tm2+i)h +O[h" 7. (3.38)
*

For reasons, and by means explained in the subsection on the step-size and order
control segment, the cycle lengths of the order 1 and 2 methods have been in-
creased from 1 to 3.

IS S—————- R
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) +
As previously, g(P+1)(tm£+§)hp+l is to be approximated by vP 1ym +5 in particular
with § = 1. .

The second phase of the error contrcl criterion is: For each of the remain-
. +1 , ’
ing 2-2 steps evaluate vP Yot and accept Ymg+i 28 the solution value, if

p+l € .
NPy ol < , 1= 3,0.0,8 (3.39)
me+i' w Yi,p+l/aii

is satisfied. ]
i digit
The values 4/62—1,p+1 and aii/Yi,p+1 rounded up to five significant digilts
are displayed in Table 4.

P #* 1 2 3 4 5 6 71
1/8, 1 o4 || 1-0 | 19286 | 2.7816 | 3.5674 | 4.295 i 4.9065 | 5.6066
w333 pa1 || 2°0 | 45 6.0 9.3 13.869 E 17.435 | 15.921
a4/ Vg, ot g 9.69045 9.472 | 14.781

Table 4: Reciprocal values of the constants 62_1,p+1, Y3,p+l/a33’

and Y4,p+l/a44°

If a step is rejected—(3.34) or (3.39) is not satisfied—then the following,
heuristically established, procedures are followed: (i) if the error test has
failed fewer than three times, then the step-size is reduced, provided it exceeds
; a least step-size. After the first error test failure, the new step-size is

determined in the step-size and order control segment. After the second error

1
: test failure, the step-size is further reduced by a factor of 2. In both cases,
4

the iteration matrix is ordered to be evaluated without concurrent evaluation of
i its constituent matrix J. When the step-size does not exeeed a least step-size,

the order is set to two, if it exceeds two; otherwise, it is set to one. In all
these cases, the entire cycle of %-steps is then repeated. If it cannot be re-
peated—the step-size equals its lower bound and the order equals one—then the
steps computed thus far are accepted and an appropriate indication to this effect
is given. (ii) After three successive error test failures, if the step-size
still exceeds a least step-size, it is further reduced by a factor of 10 and the

cycle is repeated under conditions essentially as on initial entry to the algo;:v

ithm; in fact, the numerical integration is restarted.
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After all % steps have been completed—a block of £ new solution values
accepted—it is necessary to establish the step-size and order to be used for
the next block. This is accomplished in the step-size and order control seg-

ment.

Step—-size and Order Control Segment

In this segment a new step-size ﬂ and/or p for the next cycle or, in the
case that the error test failed, a step-size ﬂ fop the repetition of the same
cycle are dECermined. The new step-size h and order s for the next cycle are
set as follows: For j ¢O= {p -1, p, p + 1} n {1,...,7} compute

: : ] o
= .9 3 +l 040
ny = MINIn, 50 Ops s ] (2249

J+1
z-l,j+1” " |

where the constant o_, satisfies 0 < Gpj <1, and where the value ;;j is dis-

Pj
played in Table 5. (This value—a step-size limiter—is explained subsequently).

jeo .

Let n =1 and p = p if MAX h {nj} < 1.1, otherwise set n = MAXjeo{nj} and p é
equal to the least index j such that nj = n. Then, set h = nh.

In the event that the error test failed after the i-th itegration step (i =
2, 3,...,2), the step-size h for the repetition of the same cycle is given by

e

. 1

h = oL, i =2 .

“pe 5 Iy Jp+ , i)
2-1,p+l me+Hi

and
1

€ —

h = oppl( o )||vp+1 p+l, i = 3,...,2%, (3.41b)
My p+1 %44

Ymgi ll

where p is the order of the reijected cycle. Note: If Vp+lym2+i were constant,

~

then a repeated cycle with the new step-size h given by (3.4la) or (3.41b) with

As P

opp = 1 would just satisfy the error test. Ymoti 18 not usually constant,

a slightly smaller step-size is selected by setting the factor ¢ to a value less

-~

than unity. Similarly, consider the expression (3.40) for the new step-size h,

where, for the moment ;;j is set to infinity. If this step-size were used and
p+l p+l
if v Yme+a and V

integration step of the next cycle would just be satisfied. As these differences

Ymo+gsp ¥ere equal then the error test at the second

are not usually constants, again, z slightly smaller step-size is used. It has

been found that ij = 1/1.2 foc i e i7and p e {1,...,7} is a good choice.
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Observe, also, that the step-size and/or the order are permitted to change
only if a step-size increase of not less than 10% is indicated. The rationale
is: A step-size change, as an increase, should be sufficient to justify the
considerable effort required to interpolate established solution values so as
to obtain the starting values for the next cycle on the new mesh which corresponds
to the new step-size.

As just noted, when a step-size change is indicated, the next set of start-
ing values—the past solution values—at the new mesh points must be obtained by
interpolation. To keep the interpolation errors reasonably small the following
condition has been imposed: The next set of starting solution values must cor-

respond to values lying within the interval [t ], that is, within

me-p+1, “me+e
the interval containing all solution values needed for computation of the cycle
just accepted—the past values—as well as the solution values generated within

the cycle—the current values. This imposes the inequality
(p-1h<(&+p-1h (3.42)

which must be satisfied with the new step-size h. The largest h which satisfies
(3.42) is

e sm P Lo e o oy (3.43)
MAX p-1 PP

The values of E;ﬁ are given in Table 5. They follow from (3.43) when the depend-
ency of £ on p is taken into account. The value of % for p equal to one and two

1 1s not the one specified previously; this is discussed next.

"pp

p-1 p pHl

1 3 ® 3

2 © 4 2
48 3 5 5/2 5/3
p 4 3 2 3/2
51| 8/3 2 8/5
6 | 9/4 9/5 3/2

7 2 5/3 -

Table 5: Values of Bound E;ﬁ on Step-size Increase.
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As the step-size and order control procedure requires p + 3 = k + 3 solu-
tion values to evaluate Vj+1¥m£+£ with j = p + 1, the cycle length 2—the number
of steps with fixed h—must equal or exceed three (for methods of all orders,
including those of orders one and two), if the solution values are to be only
those associated with the current cycle. To satisfy this condition, the length
of the cycle for the methods of orders one and two was increased from one to three br;
letting each constituent formula in these expanded cycles be the same as in (3.13) 1
and (3.14), respectively. i s

Since the stability properties indicated in Section 3.1 were predicted upon
a fixed step-size throughout the entire integration process, by varying the step-
size in the course of integration, we should expect these properties to change.
It has been observed that, even under a very mild variation of the step-size,
the stability properties of the backward differentiation methods deteriorate
rapidly—especially at high orders. Since it is felt that the same is true for
the cyclic composite multistep methods, entry to the step-size and ordér control
segment to determine the step-size and/or order for the next cycle is precluded 1
(1) if there was a convergence or error test failure which required a step-size

reduction during the current cycle, and (ii) every other successful cycle of or-

der four or higher.

Initialization Segment |

The integration process is started at order one with given initial condi-
tions ¥y° to, and initial step-size ho. After evaluation of 90 = hyo==h§(y0,to),
the error control and the step-size and order control procedures, as previously des-
cribed, maintain the proper sequencing of events.

The realization of this basic integration algorithm as a computer program

is described in the next section.
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4. PROGRAM CODE REALIZATION

Since the integration algorithm's structure as described above is oriented

towards evaluation of a block of solution values, the algorithm is realized as
a subroutine program which can be called repeatedly to establish a numerical solu-
tion over the desired range of integration. After computing a block of % steps
with a fixed step-size h, control is returned to the user who may inspect the
solution and various internally established quantities to be used—unless altered—
when the subroutine is executed next time. We repeat: The user may zlter various
quantities and parameters as he sees fit before computing the next solution block.
While the need to repeatedly call the subroutine may become bothersome for the
casual user, especially, if he is interested in the solution values at only a re-
latively few points, the sophisticated user may greatly profit from the ability
to examine and possibly alter the course of the solution after each block. Since
it was assumed that the majority of users of this program would be of latter type,
only limited checks of input arguments as protection against accidental misuse of
the code were incorporated into the program code.

¢ The various segments of the integration algorithm as described in sub-section
3.2 were programmed in a straightforward mann:'r, except, as noted in the following
paragraphs. (Each distinctkopic commences from the mark B at the beginning of a
paragraph.)

B As the error control segment is dependent on the backward differences

Vp+l!m2+i ?
ent on the backward differences 3 Ymo+e? j=p,p+1, p+ 2, it is advantageous

1=2,...,2, and as the step-size and order control segment is depend-

to store and work with the backward differences of the dependent variable in all
instances, except, in the case of equations (3.20) and (3.21). It ca. .e seen
from the form of these equations that it is simpler to work with the ordinate
values of the dependent variable. However, the defining expressions (3.22) and
(0) (0)
(3.23) for the zero-th iterates y mi+i and d i

terms of the backward differences VJX mo+i-1’ j=0, 1,...,k - 1. For example, for
ke 3, y(0) (0)

can be easily reformulated in

41 and d can be expressed as

b4 /’16) me+i

1.2
Yoot = Imeti-1 = 2V¥meri-1 ~ 27 Ymati-1 + 3hy o4i-10 =1, 2, 3,
4.1)
and
0) 9 5.2 11 o
doti ™7 "ngricl =57 Imeri-1 T2 P BT 1, 2, (422
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() L5 _32 : 13,

4043 = "7 Wtz " % 7 Imer2 Pnes1 T 7 Minesa- (4.2b)
In general, the k-th order zero-th iterate zigii formulated in terms of backward
differences can be expressed as

y(o) = + khy + Zk_l—j—( k) o Ieh L

~m2+i me;{-i—l sz+i—1 ) j Zm!f‘"i"l 9 S PR R X

j=1 (4.3)
However, a similar expression (with the coefficients aig) and B§§)given explicitly)
of the k-th order zero-th iterate d(o) written as
~me+i
k-1 i
o) _ (k) _j (k). 5

dneti = §=1 %5 Vinges-1 t h§=l Biy Ipaps-g> T = Loeocnty (4.4)

does not exist. For this reason, the values of a(k) and B(k) given in Table

s
6, were pre-computed and stored in the array labeledi% in theigrogram, for which E
82 double precision storage locations were allocated. i

It is of interest to observe that should the i-th cyclic method be replaced é
by a different one, but of the same order, only the coefficients determining the
d(o) need to be changed. The zero-th iterate Y(O)

~m &+ me+i _
B When a change in the step-size and/or the order for a new cycle is indicated,

remains as in (4.3). :

a set of starting values for that cycle, corresponding to a mesh with the new step-
size ﬁ, must be established. By limiting the step-size increase to the value given

in Table 5, the new starting values are constrained to lie in the interval [t

me+1-p°
tm2+£], where p is the old order. There are then £ + p - 1 solutian values, each

separated by the old step-size h, from which to choose p + 1 interpolation nodes
as a base for the p-th order interpolating polynomial. In order to keep the inter- !
polation errors small, and for the sake of simplicity, two interpolation bases were

selected. The first one consists of the set of points {y

ists of mi+2-p-1° Ime+p-1}2 ©F

equivalently, the values szml+2—1?j =0, 1,...,p, while the second is composed of |

the points {zmﬂ-p+1;”&m2+l}’ or equivalently, the values Vj¥m2+l‘ Designating by

p the new order, the criterion for deciding which of these two bases to use is as ‘

£
ollows: £t = - .
: e L tm2,+9,—j tm2,+2, y me+2- jle qtmg,.'.g_p_ 1|s|tm2 +f,D’ use
the first base; otherwise, use the second base. The p - 1 new starting values are

jh, 3 =1,...,p - 1 is such|t

obtained by evaluating ;

I1)a-3 = Tmeta-3 = Imere-1 t SWmgae1 T -
. (4.5a)

s(s+l) ... (s+p-1) _p
+ p! V,ym2+2_1 > J=1,...,n andn_<_§—1

—
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l; (k) (k) (k) (k) (k) (x) (k) (k)é k) | 5 (k)
% Lol oy | % | %3 | %4 | %5 %6 [Ban [Pio'| Bz |Pis
1] 1,2,3 1
21 1,2,3|| -2 3
s _32 11 |
1,2 "2 4 2
X 15 3 13
S| -7 | "% 3 |2
22 8 17 25
4 1,2 T3 3 .| " 18 3
3 -9 _3 _ 1 3 |3
: 4 4 4
12 |l-225 |_ 101 . n 37 137
’ 12 24 36 48 12
A 3 253 1001 | _ 707 | _ 123 1373 | 1
24 240 360 160 120 | 10
4 _57 f _25 | _17 | _169 61 | 31 _ 1
A 8 1 240 5 | 10 | ~ 20
1.2 _ 137 _ 117 _ 46 191 | 197 147 i
’ 10 20 15 120 300 10
6| 3 * 5353 4. 7571 1819 [ 79 |_ 3919 1477 | 7
25 100 600 50 6000 100 | 20
4 |- 35204 _ 1889 | 1609 | 3527 | 931 3079 | 17 | _ 3
200 400 600 2400 1500 200 5 20
S LK g T 253 | 589 |_101 |_ 23 ||363
’ 20 40 60 240 75 40 |20
. 3 266 | _ 221 |_ 749 _ 73 |_ 803 |_ 103\ 547 1
T 15 30 180 30 600 180 || 30 2
4 1316 1151 | _ 3689 121 | 4003 | _257(2737 | 1 | _ 1
bl ek 15 1 2150 900 50 3000 |~ 450(1 150 | 2 . 5
Table 6. The values of the coefficients aig) and B§§).
where
_ Cmerei T “mede-1

h

when using the first base, and by evaluating
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A = = S (S+l) o0 0 (S"‘P-l) p
Ty g3 © Tmtbamg T Tmer 8Vimety Teo ot P! Y Ymet1,
(4.5b)
where
h tm9,+2.—j " et
= - .

A

i Y (mgl)g = Imesg? EOTE
the set of p starting values necessary for computing the (mtl)-st block of or-

when using the second base. These values, together with

der ﬁ Finally, this set is reformulated in terms of the vj¥m2.+2’ JremQ eIt
ﬁ - 1 backward differences. Observe that when ﬁ < p, the new starting values
are, at least locally, accurate up to the order ﬁ + 1 in h. Although this is
not true when ﬁ > p, the algorithm has been found, even in this case, to per-
form satisfactorily.

If it is decided that the block which is to be computed next, should use
the same step-size and order as used in the previous block, the starting values
for the next block are immediately available. In terms of backward differences,
these are the p values Yoo+g? \% Vp_l

Yma4p® "2 Ime+s
error test, the value szmz+2 is also available. As will be shown in a subse-

Moreover, from the last

quent paragraph, this backward difference can be of practical value when inter-
polation following an error test failure is required. To distinguiéh between
P . A .
the case when V Y(mit1) 2 is available and when it is not, in the program, we
set the parameter IDEL = p+1 in the former case and IDEL = 0 in the latter.
BWhen the corrector converges, the backward differences at the new point

¥m2+i are obtained from the simple recursion
_1 _1 .
ijmf,"'i = Vj zml'f'i - Vj =1l,...,8 and j = 1,...p.

(4.6)

Yme+i-1°

A

Now, for the error test, vp+1¥m2+i must be established. As discussed above,
szmz is not always available. Hence, the error test is performed only for

i=2,...,2, for which cases Vﬁ+1 is easily found from

Ime+i

p+1 _ P _ P
v Yt TV Imei TV Tmebi-1e 4.7

e v .. I . T
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The reciprocal values of the constants 62_1 p+l for p=1,...,7 whié¢h appear
’

in the error test (3.34) are stored in the array PERROR. Similarly, the recip-

rocal values of 73, p+1/a33 and YA, p+l/a44’ which appear in the error test
(3.39), together with the reciprocal values of Yl, p+l/0tll,and Y2. p+1/a22 are
stored in the array PC, The reason for adding the last mentioned values will
become clear when the convergence criterion is discussed subsequently in greater
detail.

B When the error test fails for the first time, the step-size for the re-
petition of the entire cycle is determined in the step-size and order control
segment. Let ~ denote the starting values, on the mesh corresponding to the
step-size ﬁ, to be established and A the starting values established prior to
the error test failure. Note: These latter values were established by the p-th
order interpolation process, where p is the order of the last accepted block.
Now, if the step-size h corresponding to this block did not change—h = h and
p = p—the p + 1 values are available—each (at least) locally accurate to (error of) order
ﬁﬁ+1—-to determine the p-th order interpolating polynomial which interpolates the
values on the new mesh with a step-size h accurate to order 7P with p = p. The

new starting values are derived from

v -3 e(s+l)...(s+p-1) B . e
Xmg_j = Yo sV, oot 5 Y ‘Zmz’ j=1,...,p - 1,

where

mi

e sz, these values are easily reformulated in the form of

backward differences ijmz, j= O,ﬂ..,ﬁ - 1.

Together with 7m

Next, suppose that the order d;creased from the one corresponding to the
last accepted block, that is, h > h and p=p - 1. The starting values had
been obtained (at least) locally accurate to order ﬁﬁ+2. The new starting values
correspgnding to the step-size h should be established with local accuracy to
ordéfﬂp+l¥§==ﬁx This would be possible if we were able to construct the p-th
order interpolating polynomial. However, since only p solution points are avail-
able, we have to add the value ﬁ§m2 to this set so that an interpolating poly-
nomial of that order can be constructed. Similarly, when h > h and p =p orp=p+1,
by adding the value ﬁ§hlt° the set of p points, we can construct the p-th order
interpolating polynomial which interpolates the new starting values correspond-
ing to the step-size h to order ﬁ§+1 with p = p. Observe, however, that when
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p =p + 1, the starting values corresponding to the step-size h are known to be
locally accurate only to order ﬁp' Thus, there are rational reasons—however, not
supported by experience—to say: It would be inappropriate to interpolate for the
new starting values corresponding to the step-size h using an interpolating poly-
nomial of order higher than p-1. It is easily seen that such a(ﬁ-—l}st order
interpolating polynomial, such as (4.8), couldbe constructed using the p starting
values which correspond to the step-size h.* g ! :

HaYing added the value ﬁ§m2 to the set of § starting points for these cases
having h # h, the p-th order interpolating polynomial (4.8) can be used after
establishing the p-th order backward difference Vﬁgéz. ‘That can be accomplished
with

Vpgmm = p{ﬁ}ffml - Zv=1 %— A8 2}' (4.9)

One the difference Vﬁzm2 is obtained from (4.9), it is stored and the program
variable IDEL is set to equal p + 1. The values sz-j’ j=1,..., p - 1—obtained

from (4.8)—together with § §_, are then reformulated as the backward dif-
~mi ~mf

~

ferences ijml’ j=0, 1,...,p - 1, in order to ready the algorithm for the re-
petition of the cycle just rejected.

When the error test fails a second time, the step-size is further reduced
by a facror 1/2. However, having earlier stored the difference_vﬁzml, the new

starting values corresponding to this step-size can be obtained by directly

evaluating (4.3). {
B Evaluation of the equations (2.29) und (3.21; is refarred to, in the E
program, as the correctcr iteration. As the values of Bii/aii for all constitu-
ent formulas of the new set of methods are pre-computed and stored in the array
C, at the outset of the corrector iteration, the value of Bii/aii coresponding .
to the constituent formula in use is selected. Furthermore, the storage loca-
tions for the accumulation of correction values are cleared. Then, the deriva-
tive—equivalently, the function—is evaluated by calling the subroutine DIFFUN.

Next, ‘a check is made to determine whether an, if any, evaluation of the itera-

tion matrix was ordered. When the value of the parameter IWEVAL équals +1, evalua- ?
tion of the iteration matrix with a concurrent evaluation of the Jacobian matrix ,ﬁ
J is indicated. If an anolyvtic expression for the Jacobian is available, which |

is indicated by setting the method flag MF to 1, a call to the subroutine PEDCRV F

provides such an evaluation. If this expression is not available, indicated by

setting MF to 2, th: Jacobias will he computed numerically. This process requires

* . . . . , X .
This course of action can vo puweosd 1o inzavring <n2 following line of code im-

c
mediately after card 3T Sz iisting in the Apvendix):

T il




one

TR g

a careful choice of increments for finite differencing. The increment éj which

is added to the j—th component of ¥ 3 =_1,...,N,to estimate ag/ayj }s given by

.10

where u is the machine round-off unit (UROUND), wj is the weight (to be described)

for the j-th component of || - , and 6, = 103 x |h| X u % | f”. This choice for
¢ 0

60 satisfies the demand that the relative error in the iteration matrix be

about 0.1% or less. The Jacobian matrix evaluated with MF either 1 or 2 is stored
in the array RJ. The evaluation of the iteration matrix w_l = {;-llsii/ai J} 2
is next performed. Note: When the value of IWEVAL is greater than +1, the evalu-
ation of the Jacobian matrix is by-passed and the iteration matrix is evaluated
using an old value of J. The evaluation of the iteration matrix is carried out in
two steps. During the first step, the value of I—leii/aiig is established. This
value is stored in the array RW. During the second step, the inverse of the matrix
W ts obtained. Actually, rather than finding an explicit inverse of the matrix

W,an LU factorization is obtained, with the factors stored in place of W in the array RW.
The product W [hf(g(v)(t), t) - (V)], which is needed for computation of the new

< 1) (V+l), simply requires the solution of two triangular systems.

estimates y
The LU decomposition of the matrix W is carried out by calling the subroutine DEC,
while the triangular systems are solved by execution of the subroutine SOL. Each time

the {teration matrix is evaluated, that is, its LU decomposition is obtained, the parameter
IWEAL is set to -1, where i is the index of the constituent formula which is being
used. At the same time, the parameter RC is set to 1. This parameter is used for
monitoring the change in the factor h[Bii ii]a o :ince the last evaluation of the

iteration matrix. The values [Bii/aii] : 1/li=18ii

accurate to 5 significant digits—are stored in the array PD. If reevaluation of

/aii for orders 1 thru 7—

the iteration matrix was not requested, that is, the value of IWEVAL was non-positive

the correction term W [hf(z(v)(t), t) - d(v)] is evaluated, at once, by calling the
(v+1) g (v+1)

(0)

0
to recover the zero-th iterated y( ) and d , the correction factors are acému-

subroutine SOL. The new estimates y follow directly. Note: ]klorder

lated in a storage area set aside for this purpose.

B The convergence bound 8 which appears in the convergence criterion (3.28)
is not that given by (3.27b). Since the step-wise error criterion, such as (3.39),
tolerates errorseuii/Yi pi_lthe convergence criterion (3.28) should tolerate
these errors as well. Thus, it is this error bound which is then decreased by

the empirical factor 1/2pt+4. Thus, Bnew = ¢ aii/(2p+4) Yi,p+1 is the convergence

bound used in the program.
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5. USAGE OF THE PROGRAM

To use the program STINT, the user must provide: (i) routines which define
the problem, that is, subroutines DIFFUN and PEDERV, (ii) other routines which are
called by the program, that is, subroutines DEC and SOL, and (iii) a calling pro-
gram which makes calls to the program STINT. The typical calling program must
set the initial solution values and parameters, include calls to the program
STINT, and provide the sought output. Although the program STINT is strictly
block-oriented—that is, a block of solution values is cémputed at each call—

By the simple addition of an interpolation routine coupled with a few control
statements in the calling program, the whole program can be made to behave like

an interval-oriented integrator. Examples of both, blockwise as well as interval-
oriented integration, are given in the sub-section 5.2. In the following sub-

section general explanations regarding the usage of program STINT are given.

5.1 General Explanations

The program STINT integrates a set of N first ofder ordinary differential
equations. A block of three or four solution points, each separated by a étep-
size H, is computed at each call. The program requires four routines which -
must be named: DIFFUN, PEDERV, DEC, and SOL. Their calling sequences and
functions are described below.

@ Subroutine DIFFUN (N, T, Y, DY) evaluates the derivatives (the functions)
of the dependent variables Y(I), I=1, ... , Nat T and stores the results in
array DY. ;

#§ Subroutine PEDERV (N, T, Y, RJ, NO) evaluates the partial derivative of
§(y(t),t) with respect to y (i.e., the Jacobian matrix) at t=T and y=Y. It must

form an array RJ containing the elements of that matrix according to
of

Rlj+(e-1)xn9 = 37,

ﬁote: NP is the value of N on the first call. If the Jacobian matrix is ob-

1 <3,k <N.

tained by differencing, a dummy version of PEDERV must be supplied. One such

dummy version could be

SUBROUTINE PEDERV (N, T, Y, RJ, NO)
RETURN
END




B Subroutine DEC ;N. NO, A, IPIV, IER) performs an LU decomposition of the
matrix A. The pivots generated during the decempesition are stored im the ax-
ray IPIV. If the decompositien is suecessful, IER ghould be set te 0, other=
wise to +1,

B Subroutines SOL (N, NO, A, B, IPIV) selves the linear algebraiec system
Ax = b, where b = B and where the matrix A has been already proecessed by DEGC.

The library routines required by the program are DFLOAT, DABS, DMIN1, DMAX1,
DSQRT.

The temporary storage space needed by the pregram must be provided by the user 1n
the arrays IPIV, RJ, RW, and BAVE, The array IPIV holds a veeter ef the same name,
The arrays RJ and RW are used to hold matrices of the same names. The array BAVE
is partitioned as follows:

SAVE (J, 1) 1<J<8,1<1I<Nis used to save ¥(I, J, 1) in ease a step

is rejected and, henece, the whole eyele has te be repeated.
SAVE (9, 1) 1< 1<N is used to save DY(I, 1) in case a step is rejected,

and, hence, the whole eyele has te be repeated.

SAVE (N9 + I, 1) 1is used to store temporarily the derivatives as they are computed
during the solutien iteration process. It is aceessed as a com-
plete array by SAVE (N9P1, 1), In addition, it is used to held
the (NQ + 1)-st backward difference for the error test, (N9 =
N % 9 and N9P1 = N9 + 1),

SAVE (N10 + I, 1) is used to hold the correction terms genersted during the solu=
tion iteration process (N10 = N * 10),

SAVE (N11 + I, 1) is used to hold the derivatives evaluated at ¥(I) + y and T, where
vy is-the increment used in the numerical differencing scheme in-
voked when MF = 2, (N1l = N * 11),

SAVE (N12 + I, 1) is used to hold the derivatives evaluated at Y(I) and T in order to
obtain spproximste values of the partial derivatives, (N12 = NO * 12),

The calling sequence to progrsm STINT is as follows:

CALL STINT (¥, T, Y, DY, SAVE, H, HNEXT, HMIN, HMAX, EPS,YMAX, KFLAG, KNEXT, JSTART,
MAXORD, RW, RJ, MF, IPIV),

The srguments in this sequence have the following mesnings

N - the number of first order ordinary differential equations to be integrated.
It can be decressed on subsequent calls if the number of active equations
decreases, with the first ones being those retained, But, it must not be increased
without setting JSTART = 0,

T - the independent varisble, On return to the calliang program T corresponds
to the value of the independent varigble for the most forward solution peint eb=
tained thus fsr, On the first call T should be set to the initial value of
the independent vsrisble,

e T R S T D
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Y -an N x 8 x 4 array containing the dependent variables and their backward differen
ces computed during the current cycle. On each call up to fou£ solution
points are obtained. The most forward solution point Ypgo @ = OK 317 SE XN
at the beginning and at the end of each cycle is in Y(I, 1, 1). The solution
point next to the most forward point is returned in Y(I, 1, KFLAG). The most
backward solution point in the new block is returned in Y(I, 1, 2). The
vector of the initial values Yo is to be supplied on the first eall at
Y(1, 1, 1), 1 =1, ... , N. Y(I, J+l, K) contains the J-th backward difference
of the I-th dependent variable for K =1, ...-, KFLAG. If it is desired to
interpolate to non-mesh points, these values can be used as follows: If the
current step-size is H and the value needed is at T-E, 0 <|E|<!HL form
S = E/H and then compute
J2[0]
Y(I) = ] Y(I,J41,K) * B(J),
J=0
where K, which corresponds to T, is the first mesh point beyond the point
T - E, and B(J + 1) = B(J) * (J - S)/(J + 1) with B(0) = 1.
DY - an N x 4 array. DY(I, K), 1 < I <N, 1 <K < KFLAG, contains for K=1, ...,
KFLAG the computed derivative of the I-th dependent variable scaled by H.

SAVE - a block of a least,LZ'* N double precision floating point locationms. A3

H - the step-size used for the block just completed. r
HNEXT - the step-size for the next block. On the first call (JSTART=0) the

user must specify an initial step-size. A good estimate of its magni-
tude is given by 0.2*(EPS/ABS(&))**0.5, where & is the largest eigen-
value of the Jacobian matrix evaluated at the initial values of T and
Y. The sign of the initial HNEXT should be positive (negative) if
the final time is greater (less) than the initial time. If the ini-
tial step-size choice does not cause an error greater than EPS, in
the RMS NORM, it will be accepted; otherwise, its magnitude will be
decreased until an error less than EPS is achieved. The subroutine
automatically adjusts the step-size after the initial and subsequent
calls for the step-size of largest possible magnitude. The ﬁagnitude
may be adjusted down on any subsequent call. Note: A magnitude ad-

justment up or a sign change will be ignored.

~ HMIN —|HMIN| is the minimum step-size magnitude to be allowed for the next
integration cycle. (On the first call (JSTART=0),|HMIN| should be chosen
significantly smaller thanIHNEXT| so as to avoid start-up problems if
the error criterion is not met with the user specified HNEXT.) Note: The




EPS -

VMAX -

KFLAG -

KNEXT-

JTART-
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sign of HMIN is ignored. HMIN may be changed on subsequent calls.

IHMAX| is the maximum step-size magnitude to be allowed for the next
integration cycle. Note: IleMAXl is less thanIHMIN|, then the sub-
routine functions as though IHMAX| equals lHMIN'. HMAX may be changed

on subsequent calls.

an estimate of the local discretization error, i.e., error committed on
taking a partial block or a single step with the method, starting with
stored data which are regarded as exact. This has to be distinguished
from the global or true error which is the effor.in”any given computed
solution value as a result of the accumulation of local errors from all
steps taken to reach the given point. Since it is virtually always the
latter error the user wants to control, some experimentation on the user's
part is necessary to obtain a value of EPS which will essentially bound
the global error. It has been observed that EPS should be not larger than
10_2, i.e., local accuracy of at least two significant digits should be

demanded.

an array of N locations. It determines the nature—mixture of relative and
absolute, unless altered by the user—of the error control. After each re-
turn to the calling program YMAX(I) contains the maximum of unity and each

|7(1, 1, K)|, x = 1, ... , KFLAG. On the first call, YMAX(I) should be

set to the maximum of unity and the magnitude of th I-th component of zo.

a completion code. If KFLAG is greater than O, then KFLAG points have

been computed. If KFLAG is -2, -3, or -4, than 2, 3 or 4 points, respectively,

have been computed with H = HMIN, but the requested error was not achieved.

Other values KFLAG can assume are as follows:

-5 - The requested error was smaller than can be handled for this
problem.

-6 - Convergence could not be achieved for H > HMIN.

-7 - The maximum order specified was too large.

After the initial call (JSTART=0), the value of KNEXT is the number

of points to be computed during the next cycle. The value is supplied
f5= information only. The user cannot control the number of points by
setting KNEXT.

an input indicator with the following meanings:

Q - initialization call.

# 0 - continue “rom the last step.

On return JSTANT is set to NQ, the maximum order of the backward
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difference available in the Y array. This also corresponds,
to the order of the method used to compute the just completed
block of points.

MAXORD - the maximum order (1 < MAXORD x 7) that may be used. Note:
If MAXFORD is reset between cycles to a value less than the
order determined for the next cycle, then the order may for
gseveral cycles exceed MAXORD. However, it cannot exceed the
above determined value and, once the order is less than or
equal to MAXORD, it cannot then exceed MAXORD.

RJ - a block of at least N@**2 double precision floating point
locations, which contains an estimate of the Jacobian of
the differential equation.

RW - a block of at least N@**2 double precision floating point
locations.

IPIvV

a block of at least NP integers.

E

method flag. It determines the mode by which the partial derivatives
are obtained. The values which it can assume are:
1 - Analytic expressions for the partial derivatives are
supplied by the user in the subroutine PEDERV.
2 - The partial derivatives are obtained by numerical
differencing.

The storage locactions SAVE(N9P1,1) thru SAVE (N13, 1) are for local working
storage within STINT. (N9P1 = 9 * N + 1, N13 = 13 * N) Hence, these 4*N storage
locations can be used, between the'rgturn'from STINT and a new call to it, for
other purpeses.

Statistical quantitieé which may be useful in determining STINT's efficiency
fqr a particular problem are gathered in the common block STAT. Its contents are
as follows: .

.

NSTEP - The cummulative number of successive steps taken so far.

NFE - The cummulative number of calls to the routine DIFFUN.
NJE -~ The cummulative number of Jacobian evaluations.
NINVS - The cummulative number of LU decomposition.

Moreover, on return from STINT the varialbe H contains the value of step-size
successfully used for the last block, and the value of JSTART corresponds to the
corresponding order.

Prior to using the program STINT, the constant UROUND — the unit roundoff

of the machine — should be set* to conform to the particular machine which will

*
See card STNT2200 in the listing of STINT.




execute this program. This unit is defined as the smallest positive number u

such that 1. + u # 1. on the machine.

5.2 Examples of Use

Two examples showing how one might use the program STINT are given below.

For the first example, the end point of the integration is given and the

solution is computed and printed block-by-block, at whatever time points the

program finds convenient. On the other hand, for the second problem we

give a set of specific time points at which we wish to éompute;and;grint_,,-j‘ @ﬁ' 

the solution.

Problem I

Consider the linear, mildly stiff system of ordinary differential equations

with constant coefficients

[ -5 -5 -45.5 44,5 ] [F1°5]
-5 -5 =44.5 45.5 0
y(t)=Ay(t) = 45.5  44.5 =5 5 y(), y(t) =y, =| O |
-44.5 -45.5 5 -5 1
whose solution is ;
-1 1 1 1]|[sint 7] ‘
1 -1 1 1| cost ,‘
-10t
y(t) = Ug(t) = %' 1 1= 1 e cos 90 t |.
o 1 1 1 -1 -10t :
- —| e sin 90 t
It can be readily verified that the eigenvalues of A are
A, = {+i, - 10 +90 1}. The ratio {maxlkil}/{min)\i#ol)\il}
often taken as a rough measure of stiffeness is seen to be ~ 90. Suppose we
wish to integrate from tg = 0 to tf = 15 with 3 significant digits of local q
accuracy (in an absolute sense for components that are smaller than one and
remain so and in a relative sense for all components bigger than one). Further-
more, because of the problem's simplicity, the Jacobian matrix will be supplied,
and, because there are large (in magnitude) complex eigenvalues near the imaginary
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axis and small (in magnitude) imaginary eigenvalues Ai’ the maximum qrder will

be limited to 4. It is desired to print all solution values, block-by-block,

on the mesh automatically selected by the program. (We will here also print

the global error for each component.) For statistical purposes, the order and
step-size used for each block as well as the number of steps, function evaluations,
and Jacobian evaluations required through the current block are to be printed
at the end of each block. The final error statistics and the accumulated number
of steps, function evaluations, Jacobian evaluation;, and LU decompositions are to

be also provided,
The following calling program combined with the program STINT and its required

subroutines accomplishes the tasks set forth.

i
g




Cx
CEk%kE %%
Cx%

C=
Cs
Cs
Cx
C*
C%

Cx
C%x
Cs
C*
Cx
Cx%
C*
Cc*
C*

c%
C%x
C*
C»

Cx*

Cx
C%*
Cx
Cx
C»
Cx

PN HPWN

EXAMPLE OF A CALLING PROGRAM FJR PROBLEM 1. ********MAINOG

*MAINOQS

DOUBLE PRECISION YDOT, YI, YMAX, Y0, T, TF, TI, TT, HI, HMAX, HMINMAlxg%J
» HO, SAVE, RJ, RW, ERO, ERORY, EPS, DMAX1, DABS,MAINOO§

HNE XT " MAINOOR

DIMENSION YDOT{4s4), YI(4), YMAX(4)y YOU4,8,4), SAVE(52), RJ(16), MAINOQ
RW(16), ERO(4), ERORM(4), IPIV(4) . MA N 004

COMMON /STAT/ NSTEP,NFE,NJE,NINVS MAINOO
DATA LIN/S/,LOUT/6/ MATNO1
*MAINO1]

SET THE INPUT PARAMETERS : *MAINOL

; *MAINOL

NP PROBLEM IDENTIFIER *MAINOL

NC NUMBER OF TIMES THE SAME PROBLEM IS SOLVED WITH *MAINOL
DIFFERENT VALUE OF EPS *MAINO1E

N NUMBER OF DIFFERENTIAL EQUATIONS TO BE SOLVED *MAINOLT)

Y1 THE INITIAL VALUES OF THE DZPENDENT VARIABLE *MAINO1g]

TI THE INITIAL VALUE OF THE INDEPENDENT VARIABLE *MAINO19]
TF THE FINAL VALUE OF THE INDEPENDENT VARIABLE *MATNO200
HI THE INITIAL STEP-SIZE *MAINO2|
MAXORD THE MAXIMUM ORDER ALLOWED (1.GE.MAXORD.LE.T) *MAINO22
MF METHOD FLAG DETERMINING THE MODE OF THE JACOBIAN *MAIND23(
MATRIX EVALUATION *MAINO24)
EPS USER'S SPECIFIED ERROR PER STEP *MATN0250
*MATNO260
READ(LIN,10) NP MA[NOZ%
READ(LIN,10) NC MAINO28
READ(LIN,10) N MATNO290
FORMAT (12) MArnoaw
READ(LIN,20) (YI(I)sI=1,N) . MAINO31
READ(LIN,20) TI, TF, HI MAINO32(
DO 1000 K=1,NC MAINO33t
READ(LIN,10) MAXORD MATNO 34
READILIN,10) MF MAINO35!
READ(LIN,20) EPS MATNO36(
FORMAT (3D22.15) MAINO3T!
WRITE(LOUT,30) NP, MAXORD, MF, EPS MAINO38(
30 FORMAT(*1',10X,13H PRIBLEM NO. ,I12// MAINO39:
11X,18H MAXIMUM ORDER = ,12// MATNO 4N
11X,184 METHOD FLAG = ,12// MAINO4L
11X,184 ERROR PER STEP = ,D10.3//// MAINO42!
SX,4HTIME,15X,29HS O L U T I ON / E R R O Ry32X, MAINOD43
TH H-USED 3 Xy SHORDER » 2X 9 6H#STEPS 22X SHHFE 1S, 2X, MATNO&44
L1H#JACS/ #LU*S//) MAINO45
*MATND46
SET THE NORMALIZING VECTOR YMAX *MAINN4T
CLEAR THE MAXIMUM ERROR ARRAY - ERORM #MATNO4B
*MATND49
DO 40 I=1,N MAINNS50
YMAX(I) = DMAX1(DABS(YI{I)),1.D0) MAINO51
ERORM(I) = 0.00 MATNJS2
*MAINOS3
40 YOUI,1,1)=YI(T) MATN OS54
*MAINDSE
THE FOLLOWING PARAMETERS ARE USED FOR STATISTICAL PURPOSES *MATNI5E
*MAINDSI
NSTEP  NUMBER OF ACCEPTED STEPS *MAINOSE
NFE NUMBER OF FUNCTION EVALUATIONS *MATN OS¢
NJE NUMBER OF JACOBIAN EVALUATIONS *MATNO6(
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s

c* NINVS NUMBER OF LU DECOMPOSITIONS OF THF ITERATION MATRIX *MAINNG61D
c* *MAINO62D
NSTEP=0 MAINDGE3D

NFE=0 . MAIN0640

NJE=0 MAIND650
NINVS=0 : MAINO66D

(¥ *MAINDLTO
t HMAX = TF - TI MAIND68E
T =71 MAINO690
HNEXT=HI MAINDT700
HMIN=HI*1.D-7 MAINCT10
JSTART=0 MAINOT2C

c* *MAINDT30
50 CALL STINT (N, T, YD, YDIT, SAVE, HO, HNEXT, HMIN, HMAX, EPS, MAINNT4N

1 YMAX, KFLAGy KNEXT, JSTART, MAXCRD, RW, RJ, MF, IPIV) MAINDT750

(* *MATNNTED
J IF(KFLAG.GE.O) GO TQ 200 MAINDTTO
WRITE(LCUT,,60) KFLAG MAINNT80

., &0 FORMAT({'-",20H COMPLETICN CODE 1S +14) MAINOT90
; GO TO 800 MAINOBOG
§C* *MATNOBLD
(3 OUTPUT THE (KFLAG-1) SOLUTION POINTS =MAINOB2D
ic* *MAINO83D
200 DO 360 J=2,KFLAG MAINOB4D
TT = T-HO*DFLOAT(KFLAG+1-J) MATNNES?D

; CALL ERROR(TT, YO(1l,1,J)s Ns ERO) MAINOB6EO
T WRITE(LOUT,320) TT, (YOUI,1,0),1=1,N), (ERN(]),1=1,4N) MAINNBTO
1 320 FORMAT( 4H T =4D11.4+4016.6/15X44D15.6/) MATNI88C
DO 340 I=1,N MAINN890D
{ 340 ERORM(I)=DMAX]1 (ERIRM(I),DABS(ERD(I))) MATNI900
. 360 CONTINUE AAINOSLN
(C* *MAINDG2N
4c* QUTPUT THE MOST FORWARD SCLUTIGN POINT *MATNO93N
4Cx *MAINQ940
CALL ERROR(T, YO, N, ERD) MAINDS50

- WRITE(LCOUT ,380) T, (YO(I,1,1)s1=1,N)y HO, JSTART, NSTEP, MFE, NJE,MAINDO6D
g 1 NINVS g {ERO(I) 91 =14 N) yHNEXT MAINO9TO
¥ 380 FORMAT( 4H T =.011.4,4016.6.014.3.2x,x4.«x.14.3x,14.4x.14.zu /,14/MAINNGBC
E 0 1 15X,4D16.64D14%4437) MAINL 990
. DO 400 I=1,N MAINLOOO
J 400 ERORM(1)=DMAX1 (ERORM(I),DABS (ERDLI))) MAIN1QLE
p IF((T-TF)*HNEXT.GT.0.D00) GO TN 300 MAIN1020
.. G0 TO 50 MATN1C30D

E LS B o ! *MATN 1040
L U REGARDLESS OF WHETHER OR NOT THE PRIALEM HAS BEEN SOLVED TO *MAINLCST
ol COMPLETION, PRINT OUT STATISTICS *MAIN106(
E *MATN10TC
8 8)0 WRITE(LOUT,810) MAIN108(
810 FORMAT('—*,15HSOLUTION ERRORS) MAIN 109/

8 WRITE(LOUT,820) (ERORM(I),I=1,N) MAIN110!
§ 820 FORMAT('-',10X,23H MAX IMUM ABSOLUTE ERROR//11X,4D22.8) MAIN111{
8 DO 830 1=1,N MAIN112!
" 830 ERORM(I)=ERORM(I)/YMAXI(I) MAIN113
i WRITE(LOUT,840) (ERORM(I),1=1,N) MATN114¢
§ 840 FORMAT ( '=',10X,23H MAXIMUM RELATIVE ERROR//11X,4D22.8) MAIN 115
& WRITE(LOUT,850) NSTEP, NFE, NJE, NINVS MATMN 116!
4 850 FORMAT('-',22H THE SOLUTION REQUIRED,I546H STEPS/ MAIN117
1 23X,15,21H FUNCTION EVALUATIONS/ MAIN118!

2 23X,15,21H JACOBIAN EVALUATIONS/ MAIN119

3 23%X,15,18H LU DECOMPOSITIGNS) MAIN120




1000 CONTINUE
STOP
END

S5l

Wy
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SURRPUTINE DIFFUN (N, T, Y, YonT)
DOURLF PRFCISICN Y,YN)T,T
DIMENSICN Y(M), YDOT(N)
YDOT(1)=‘5.DO*(Y(1)*Y(2))-QS.SW““V(3‘+}Q.SDW*Y(Q)
YDOT(2)=-5.DF*(Y(1)+Y(2))—44.5““*Y(3)+45.500*Y(4)
YDOT(3)=45.SDO‘Y(1)+44.6@n*v(2)-=.ﬁ”ﬂ(v(3)-V(4\b
YDOT(4)=-44.SUP*Y(1)-45.5n4*¥(2)+6.ﬁ‘*(v(3)-V(A))
RETURN
END

SURROUTINE PEDNERVIN, T, Y, P1, NOY)
DOUBLF PRFCISICN PO, T,Y,21
DIMENSICON PO(4,4),P1(16),Y(NT)
DC 10 1=1,2
DO 10 J=1,2

10 PN(1,J)==5.DD
pe 20 M=1,2

20 PO(24M,2+M)==5,DC
PC(1,43)==-45.5N"
PN(1,4)=44.5D0
PO(2,43)==44,5D"
PO(2,4)=645.5D0
90‘391)=pﬂ(2v4)
PO(B,Z):PO(},Q)
Pe{3,4)=5,D0

1 PO(4,1)=PC(2,3)
PO(44,2)=P0(1,3)
PC:(443)=P0(3,4)
DO 30 1=1,4
DO 30 J=1l,4

30 PLIJ+(I-1)%4)=P"{J,T)
RETURN
END

SURRNUTINE FRRPR(TN, YN, N, “R7)
DOURLE PRECISICN TN, Vi, EeN, TEMP, Wl, W2,y W3, Wa,y DSIN, OFCS
DOURLE PRFCISION DEX?
DIMENSION YDR(N), FRO(N)
W1=DSIN(TD)*5,D-1
W2=DCAS(TO)*5.0-1
ERO(1)=-W1+W2
ERD(2)= W1l-W2
ERO(3)= Wl+W2
EPN(4)= Wl+W2
IF(T0.GE.1.5D01) GO TG 17
TEMP=DEXP(=-1.N1*TN)*5,D-1
W3=TEMPANCOS(9.N1*TN)
W4=TEMP*DSIN(9.D01%T0)
ERO(L)=FERQO( 1) +W3+Ws
FRO(2)=FRO(2) +W3+W4
ERO(3)=EPO(3)-UW3+W4
ERO(4)=FRO(4) +W3-W4H

10 DC 20 I=1,4N -

20 ERD(I)=FRC(IN-YN(T)
RETUFRN
END
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Problem II

Consider the linear, time-varying, system of ordinary differential equa-

tions
T
3(t) = VBV y(t) +Vz(t),
where
72 W L -100-sint, _1000t 0 )
y=% =2 1 2|, 8= |1000, -100-sint, 0|, Z(8)= ——1
1 -2 2 0, 0, 4 (t + 1)
with
(t.) =y, = l-[2 + 2e, 4 - 2e, 4 + e]T
%’ T Jp 7 3 ’ ’ ’
whose solution is [;—100¢+-costcos 1000t
g(t) = vVg(t), where g(t) = ;e—100t+ €0Stsin 1000t |.
-t 1
le 13T

The eigenvalues of the Jacobian matrix are seen to be Ai(t) = {-1, -(100 + sin t) +
10001}. The stiffness ratio is roughly 103. We wish to integrate from to =0
£ = 100 with 3 significant digits of local accuracy as in Problem 1. The

to t
Jacobian matrix is to be obtained by numerical differencing and, because there
are large (in magnitude) complex eigenvalues Ai(t) near the imaginary axis, the
maximum order is to be limited to 4. Furthermore, solution values are to be
printed at the set of points 7 = flOO/Zk, k=0,1,...,20}. Also to be printed
are the global error at the output points.  and the statistics of step-size and
order and of the number of steps, function evaluations, Jacobian evaluations, and LU

decompositions needed for integration up to the specified output point.
The following calling program combined with the program STINT and its re-

quired subroutines yields the desired outputs.




56
Cx *MATN(
C ks ok EXAMPLE NF A CALLING PROGRAM FOR PRORLEM 11 Rk orkodokok Rk MATN(
C* €MATN(
DOUBLE PRECISION YDOT, YI, YMAX, YOUT, Y0, T, TF, TI, TQUT, TOUTP,MAINC

1 TSy HI», HMAX, HMIN, HO, SAVE, RJ, RW, ERO, ERQRM,MAIN(

2 EPS, Dy S, DABS, DFLOAT, DMAX1l, HNEXT MAINC
DIMENSION YDOT(3,4), YI(3), YMAX(3), YOUT(3), YD(3,8,4), SAVE(39),MAINC

1 RJ(9), RW(9), ERO(3), ERORM(3), IPIV(3) MAINC
COMMON /STAT/ NSTEP,NFE,NJE,NINVS MAINT

DATA LIN/S/,L0OUT/6/ MATINC

C* *MATINC
cC* SET THE INPUT PARAMETERS @ *MATNC
Cx XMAINC
cx NP PROBLEM IDENTIFIER *MAINC
c* NC NUMBER OF TIMES THE SAME PRNBLEM IS SOLVED WITH *MAINC
(o DIFFERENT VALUE OF EPS : *MAINC
C* 10P THE NUMBER OF GEOMETRICALLY SPACED PRINTED CUTPUT *MAINC
Cc* POINTS FROM TI THROUGH TF AMATINC
Cx N NUMBER OF DIFFERENTIAL EQUATIONS TC BE SOLVED *MAINC
(] Yl THE INITIAL VALUES OF THE DSPENDENT VARIABLE A*MAINQ
C* TI THE INITIAL VALUE OF THE INDEPENDENT VARIABLE *MAIND
() TF THE FINAL VALUE OF THE INDEPENDENT VARIABLE *MAINC
c* HI THE INITIAL STEP-SIZE *MAINO
cx . MAXORD THE MAXIMUM ORDER ALLNWED (1.GE.MAXORD.LE.7) *MAINO
c* MF METHOD FLAG DETERMINING THE MODE OF THE JACOBIAN *MAINO
C* MATRIX EVALUATION X*MAINO
C* EPS USER'S SPECIFIED ERROR PER STEP *MAINQ
cx ®*MAINO
READ(LIN,10) NP MAINO
READ(LIN,10) NC MAINO
READ(LIN,10) IOP . MAIND
READ(LIN,10) N MAINO

10 FORMAT(I2) MAINO
READ(LIN,20) (YI(I)yI=14N) MAING
READ(LIN,20) TI, TF, HI MAINOD

DC 1000 K=1,NC MAINO
READ(LIN,10) MAXORD MATNO
READ(LIN,10) MF MAINO
READ(LIN,20) EPS MAINO

20 FORMAT(3D22.15) MAINO
WRITE(LOUT,30) NP, MAXORD, MF, EPS MAINQ

30 FORMAT(*1',10X,13H PROBLEM NO. ,12// MATND

1 11X,184 MAXIMUM ORDER = ,12// MAIND

2 11X,18H METHOD FLAG = L1277/ MAIND

3 11X,184 ERROR PER STEP = ,D10.3//// MAINO

4 5Xy4HTIME,15X,29HS O L U T I ON / E R R 0O Rye32X, MAINO

5 TH H-USED 33Xy SHORDER, 2X s 6H#STEP S, 2XySHAFE*S 42X, MAIND

6 11H#JACS/#LU'S//) MAINO

Cx XMAIND
Cx SET THE NORMALIZING VECTOR YMAX *MAINO
cx CLEAR THE MAXIMUM ZRROR ARRAY - ERORM *MAIND
Cx *MAIND
DO 40 I=1,N MAINO
YMAX(I) = DMAXL(DABS(YI(I)),1.D0) MAINO
ERORM(I) = 0.DO , MATND

C* ®*MAINO
40 YO(I,1,1)=YICI) MAINO
C* *MAINO
Cc* THE FOLLOWING PARAMETERS ARE USED FNR STATISTICAL PURPOSES : *MAINQ
C% *MAINOQ




pt
bt

o %

bt ]
o%x
bt J
ox

-

50
Cx

60

C*

C*

C*

Cx
200
220

300

Cx

Cx

Cc*

C*

C*

C*
400
420

440
Cx
Cx
Cx
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NSTEP NUMBER OF ACCEPTED STEPS *MAINDO1Q
NFE NUMBER QF FUNCTION EVALUATINNS *MAINDG620
NJE NUMBFR OF JACJBIAN EVALUATIONS *MAINDG639D
NINVS NUMBRER OF LU DECIOMPOSITIONS 0OFf THE ITERATICN MATRIX *MAINDOA4D
AMAINNGS50

NSTEP=0 MAINO660
NFE=0 MAINIDETO
NJE=0 MAINO680O
NINVS=0 MAINNE90
*MATNGTO0

SET THE INDEPENDEMT VARIABLE FOR THE FIRST JUTPUT POINT AT *MAINDTI1N
TOUT. THE VALUE NF THE INDEPENDENT VARIABLE FCR THE LAST *MAINCT 2D
OUTPUT POINT IS AT TOUTP. SET THE MAXIYUM STEP-SIZE HMAX TO *MAINOT730
EQUAL THE ODISTANCE BETWEEN THE NEXT AND THE LAST DUTPUT *MAINDT740
POINTS MULTIPLIED BY 10. ] i *MAINOJTS0

. *MAINOTAO

TOUT =TI+(TF-T]1)/2.D0%%[0P MAINOTTO
TOUTP =T1 : MAINOT730
HMAX =(TOUT-TOUTP)*1,D1 MAINDT9D
T =71 MAINNDSBOD
HNEXT=HI MAINDGLN
HMIN=HI*1.D-7 MAINNB2(O
JSTART=0 MAIND830
*MAINDB84D

CALL STINT (N, T, YO, YDOT, SAVE, HO, HNEXT, HMIN, HMAX, EPS, MAINOB8S50
YMAX, KFLAG, KNEXT, JSTART, MAXORD, RW, RJ, MF, IPIV) MAIN7I86)

*MAINQBTO

IF(KFLAG.GE.D) GO TO 220 MAIND88EG
WRITE(LOUT,60) KFLAG MAINO89D
FORMAT('=*,20H CIMPLETION CODE IS ,14) MATNOS0Q0
GC 7O 8CO MAINN9LD
*MAINQG2D

CHECK WHETHER ONE JF THZ NEWLY CNOMPUTED SOLUTION POINTS *MATNDG3D
REACHED BEYCOND THE OUTPUT POINT CORRESPCNDING TO TOUT, *MA INN94O
*MAINCGSD

KFP1 = KFLAG + 1 MATNG96(
IND = KFLAG + 3 MAINI9TO
DO 300 I=1,KFP1 MATINO98D
IND = IND - 1 MAINGI9N
TS = TOUT-T+HO*DFLOAT(I-1) MATN1DNG
IF (TS.LT.0.00) GO 79 300 MAIN1O1O
IF (1-2) S50, 40, 4290 MAININ2D
CONT INUE MATM1D3D
*MAIN1D40O

THE NEWLY CCMPUTED SOLUTION POINTS REACHED B3EYUND TAUT. A*MAIN1OSH
THE OUTPUT VALUE AT TOUT IS OBTAINED BY INTERPOLATION WITH AMAIN1IDGKD
BACKWARD DIFFERENCES CORRESPINDING YO THE COMPUTED POINT *MAIN1OT0
YO(I'J’IND)' J=1'.ooyNQo XxMAIN1CSD
*MAIN1O90

IND = 1 MAIN1LDC
S = (TS-HO) /HO MAIN1110D
DO 440 I=1,N MAIN1120
D = 1.00 MAIN1139
YOUT(I) = YO(I,1,IND) MAIN114D
DO 440 J=1,JSTART MAIN1150

D = D*(S+DFLOAT(J-1))/DFLIOAT (J) MAIN11l6C
YOUT(I) = YOUT(I)+D*YD(I[,J#1,IND) MAINL1170O
*MAIN1180

PRINT OUT THE VALUE (TOUT,YOUT) , THE ARSOLUTE ERPDOR, AND THE *MAIN119D
STATISTICS. DETERMINE THE MAXIMUM ERROR CGMMITTED SO FAR. *MAIN12DC




C*

CALL ERPOR(TOUT, YOUT, N, ERC)

WRITE(LOUT,5C0) TOUT, (YOUT(I),I=1,N), HD, JSTART, NSTEP, NFE,
1 NJEy NINVS, (ERO(I)sI=1,N) '
500 FORMAT( 4H T =9011¢493D16.6916XyD146392Xy1494X91493X91444X,14,2H
1 214/15X,3D16.6/)

DO 520 I=1,N

7" ERORMIT)=DMAX1(DABS(ERG(I)),ERORM(I))

L
Cs
C*
C*
C»

Cx

C*

(of J

Cx
800
810

820
830
840

850

2
3

SET THE NEW OUTPUT POINT AND CHECK WHETHER ITS VALUE CAN BE
OBTAINED BY INTERPOLATION USING THE NEWLY COMPUTED BLNCK OF

SOLUTION POINTS. IF NOT, SET NEW VALUE OF HMAX,

TOUTP = TOUT

TOUT = TI+(TOUT-TI)*2.0D0
IF({TOUT-TF)*HNEXT.GT.0.00) GO TC 800
IF((TOUT-T)*HNEXT.LE.0.DO) GO TN 220
HMAX = (TOUT-TOUTP)=*1,01

GC T0O 50

REGARDLESS OF WHETHER OR NOT THE PROBLEM HAS BEEN SOLVED TO

CCMPLETION, PRINT DJUT STATISTICS

WRITE(LOUT, 810)
FORMAT(*-', 15HSOLUTICN ERRORS)
WRITE(LOUT,820) (ERDRM(I),I=1,N)
FORMAT (*-', 10X,23H MAXIMUM ABSOLUTE ERROR//11X,3D22.8)
DO 830 I=1,N
ERORM(I)=ERORM(I)/YMAX(I)
WRITE(LOUT,840) (ERORMII),I=1,N)
FCRMAT (*-*,10X,23H MAXIMUM RELATIVE ERROR//11X,3D22.8)
WRITE(LOUT,850) NSTEP, NFE, NJE, NINVS
FORMAT(*-*,22H THE SOLUTICN REQUIRED,1546H STEPS/
23X915921H FUNCTION EVALUATIONS/
23X915421H JACOBI AN EVALUATIONS/
23X915,18H LU DECOMPOSITIONS)

1000 CONTINUE

sTOoP
END
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*MAIN];
MAIN1;
MAIN1;
MAIN1:

/MAIN1;
MAIN1;
MAIN1:
MAIN1:

*MAIN1:

*MAIN]:

*MAIN1L:

*MAIN12

*MAIN]?
MAIN12
MAIN12
MAIN12
MAIN1?
MAIN12
MAIN1Z3

*MAIN14
*MAIN14
*MAINL14
*MAIN14
MAIN14
MAIN14
MAIN14
MAIN14
MAIN14
MAIN14
MAIN1S
MAIN1S
MAINLS
MAIN1S
MAIN15
MAIN15
MAIN1S
MAIN1S
MAINLS
MAINL1S
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SURRODUTINE NDIFFUN (Ny T, Y, YNOT)

POURLE PRECIST'N T, VY, ¥YDNT, A, DSIMN, S1l, S2, S22, <4
DIMENSICN Y(N)., YDOT (M)

A=-1,02-DSIN(T)

S1=(-2.D0*A+5,998N3)

S2=(-2.P0*A-6,0'N2D3)

S3=(5.00%A-4,DPN)

S4=T/((T+1.D0)2=2%x3,NY)

YOOT(1)=((8.DN"2A-1,92)%Y(1)+S2xY (2)+°1xY(3))/q.,N*+S4
YOOT(2)=(S1*Y(1)4S3%xY(2)4(=4 N0*A=3,70403) %Y (3))/9,DN42,DN*S4
YONTA(3)=(S2%Y (1) +(=4,)N"A+2,996N3)«Y(2)+S3%Y(3))/9.N0+2,D0*%4
RETURN

END

SURRNUTINF PEDFRV (M, T, Y, PY, N2)
RETURN
END

SUBRRQOUTINE ERRCR (T, Y, ‘M, FPY)
DOURLE PFECISIPN T, Y, “RO, X, T1l, Yl, Y2, Y2
NOURLE PRECISICN NDSTN, DN, NFEXP
DIMENSICN YI(N), ERN(N)
X=1,D2%T=-DCOS(T)

IF(X.GT.1.702) GC TN 1
F1=DEXP(-X)

X=1,03%T

Y1=F1*DCCS(X)

Y2=F1%DSIN(X)

GO TO 2

Y1i=n,DD

¥2=0.D0
Y3=DEXP(=T)+1l.D/(T+1,0M)
EFC(1)=(2.D0%x(Y14Y2)+Y2) /3, DD
ERN(2)=(2,NC¥x(Y3=-Y1)4Y2)/3,Nir
EPO(3)=(2.D0*(Y3=-Y2)+VY1)/3 NN
DO 3 I=1,N

ERO(IV=FRO(I)=VY(T)

PETUPRN

END
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It is recognized that special situations may require that the user make
some modifications to the program STINT to further increase its effectiveness

for his particular problem. Some of the modifications which might be appropriate

are outlined in the next section.
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6. PROGRAM MODIFICATIONS

Although the program STINT has been found to solve accurately and
efficiently a wide class of problems, situations may arise, when some modifica-
tion of the program might enhance its performance for a particular problem or
a family of problems. All such modifications require some familiarity with the
internal structure of the program which may be best attained by reading sections
2 thru 4. ]

The following list of some modifications is provided so that a user can
choose or extend the most appropriate one(s) for his problem. All changes
should be done with great caution, especially the ones which replace heuristi-
cally established features in the program.

(1) As discussed earlier, the nature of the error control is determined by
values contained in the array YMAX. This array must be first initialized
in the calling program; then it is updated within the program STINT
(statement 1420) each time a new block of solution values is accepted.

Some alternatives to the existing error control might be (i) a purelv

relative error control or (ii) a mixture of relative and absolute error

control of the type
estimated local error{ < relative error*|{solution| + absolute error.
To achieve either of these or any other type of error control, YMAX must

be set by the user in the calling program. Note: YMAX must be always positive.

(2) The choice of the maximum order MAXORD effects the efficiency of the

program STINT, At low accuracy requirements —large EPS values. -uzh

as 0.0l —efficiency is often improved if MAXORD is set to a relatively
small value such as 4. However, MAXORD should increase with increasing
Stringency in accuracy. Furthermore, if an estimate of the positici of
the largest (in magnitude) complex eigenvalue is available, it should

be used in conjunction with the Table 2 to loosely bound the value of
MAXORD, as was done in the examples. Note that the existing dimensions

of the arrays SAVE, Y, and DY assume MAXORD = 7, its maximum value. If

the storage space is at a premium, and if MAXORD is reduced from its maximum

value, the dimensions of these arrays might be also reduced.

(3) For some probelms the modified Newton method is too powerful
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and, consequently, too expensive. It can be replaced by, among others,
(1) a functional (Picard) iteration, or (ii) a modified Newton method
using a digonal approximation to the Jacobian. Comments on these two
follow: (i) A functional iteration ensues when the iteration matrix

g—l is replaced by the unit matrix of the same size. Consequently, no
inversion (or LU decomposition) is required; this may reduce considerably
the computation cost. On the other hand, for convergence of this type of
iteration, the step-size h must be small. Therefore, it might take a much
longer time to integrate to completionand,thﬁstﬁe reduction in the cost
by not performing the inversion might never materialize. This is especially
true for probelms with large stiffness ratios. On the other hand, for
problems which are mildly stiff or not stiff at all, the running time might
be decreased.

(i1) A considerably less costly modified Newton method which still retains
some of the convergence power of that used is one which approximates the
Jacobian matrix J by an appropriately chosen diagonal matrix. In this
case, the iteration matrix W e becomes W M = -h— Bil Q)_l, which is
easy to compute directly, thus avoiding, again, an LU &ecomposition.

One choice for the diagonal elements of D might be the directional
derivative of f.

There areanumber of heuristically established parameters whose final
value was obtained largely after "fine tuning'" based on observed and
various reported experiences. These are, among others:

B The number of corrector iterations for a single step is set to 3 in the
loop DO 780.

B If convergencée was not achieved after 3 iterations and the iteration
matrix has been freshly evaluated, the step-sizeis reduced, below
statement 800, by a multiplicative factor of 3/10.

B The number of error test failures for any single step is accumulated
in the variable IFAIL. If there are more than two consecutive error
test failures in one block the intugracion process is restarted. The
test for this is performcd below tatement 1030

fl After the second error tust “ai.uie, tihe step-size s reduced by a
multiplicative factor of 1/2. This is done below statement 1030.

B For the restart below statement 1080, the step-size is further reduced,

if possible, by a multiplicative factor of 1/10.
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B In choosing new values of the step-size, a factor of 1.2 for all
three orders p - 1, p, and p + 1, respectively, is used to make
the choice somewhat conservative. This factor appears in state-
ment 1200, and below statements 1220 and 1260.

B The entry to the step-size and order control segment is precluded
every other block for blocks of order 4 or higher. This is
accomplished by the use of the switch variable ISW1 which gets
set above statement 1200.

B The entry to the step-size and order control segment is precluded,
furthermore, if convergence or error test problems during the
current block were experienced. This is done by setting the switch
variable ISW2 to 1 after such test failures.

B The convergence bound constant BND is smaller than the error test
constant EPS by a factor 2(p+2). The inverse of this factor is
set in the variable ENQUP below statement 260.

B The estimated convergence rate CRATE is allowed to decrease by a
factor at most of 0.9 on any one iteration, and is used only with
a multiplicative factor of 2 in the convergence test. This makes the
look ahead feature somewhat conservative. Both factors appear below
statement 760.

B There are several criteria for updating the matrices W and J, 1f
the changes in h[Bii/aii] avg are less than 40% since the last
evaluation of the ijteration matrix U_l, no reevaluation of w-l

takes place. If these changes are greater than 40% but less than 80%.

@”1 is evaluated without concurrent evaluation of J. This is indicated

by setting the variable IWEVAL to +2. TFor changes greater than 807,

both J and H—l are evaluated. To indicate this request, IWEVAL is set

to +1. These criteria are tested and appropriate values of IWEVAL set
below statement 300. In addition, after the first or the second error
test failure the value of IWEVAL is set to +2, indicating a request
for evaluation of g-l without concurrent evaluation of J. The same

is requested after a convergence test failure, if the matrix @rl was

freshly evaluated, Otherwise, evalﬁation of both, J and w—l is in-

dicated by setting IWEVAL to +1. Each time the iteration matrix w—l

is evaluated, IWEVAL is set to -i, i being the index of the constituent

formula which is being solved at the time of evaluation.

8 The reevaluation criteria described above are by-passed after a second

error test failure during one block and until the time when the value
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of the independent variable at the beginning of a new cycle is greater
than its value at the time the second error test failure took place.

Also: This by pass is removed following a convergence failure.
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7. TESTING

During the development stage of the program STINT a set of problems was
created and the program was ''tuned" so, as to achieve a high degree of accuracy
and efficiency for that particular set of problems. The testing with this
(somewhat limited) set of problems verified at least one objective of the
program design, that of relatively high efficiency for problems with eigenvalues
near the imaginary axis. However, such a problem characteristic as the position
of the eigenvalues of the Jacobian matrix is often’ not known or cannot be
estimated a priori. Therefore, for a program which is-to have wide utilization,
one would require that it performswell on a wider variety of stiff problems.

In order to obtain a more thorough assessment of the qualities of STINT,
it was submitted to the testing facility at the University of Toronto. The
procedure for testing was the same as that described in the paper by W.H. Enright,
T.E. Hull, and B. Lindberg, "Comparing Numerical Methods for Stiff Systems of
ODE's", which appeared in BIT, vol, 15 (1975), pp. 10-48. The problem set
they use excerises many aspects of a program. There are 25 problems which are
divided into various categories according to certain properties they possess,
such as linearity, position of eigenvalues, tightness of coupling, etc. The
statistics generated from the testing are very useful for the determination
of the problem domain over which a program performs well and to indicate where
potential improvements could be realized. All problems are solved for three
different local accuracies, that of 10—2, 10—4, and 10—6, with absolute error
control (i.e., YMAX (I) = 1) in each case. Besides collecting the numher of
function, Jacobian, and LU decomposition evaluations needed ~ v : - ' ian;
completion, the running time and the reliability of the 1. i 1n»nd the global
error control are also recorded. An analysis of these data for STINT yielded
the following conclusions.

For linear problems with real eigenvalues the program STINT was found to
be both, accurate and efficient. The problems used varied in size from N = 4
to N = 10 with stiffness ratios from 200 to 105. Neither the degree of coupling.
nor the gap in the distribution of the eigenvalues had any profound effect on
the efficiency or accuracy of STINT. The estimates of the local error for problems of
this type were shown to be realiable.

The next group of problems are linear and have some complex eigenvalues. As expected,
STINT performed efficiently and accurately, particularly on problems with complex

eigenvalues near the imaginary axis. However, for problems for which a large

number of step-size changes, both increases and decreases, are needed, the number
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of LU decompositions, and consequently, the running time were rather large. It
was also observed that the realiability of the local error estimate for this

group of problems was somewhat diminished.

Problems with non-linear coupling formed another class of test problems. The
triangular systems with real eigenvalues had a stiffness ratio of about 100 and no
large gap in their eigenvalue distributions. The performance of the program over
this class was very good. This is particularly true for problems with coupling
from transient components to smooth components. When the direction of the coupling

was reversed and made progressively tighter, the realiability of the local error
estimate decreased somewhat.

The fourth class consisted of non-linear problems with real eigenvalues.

It was observed that a rather large number of LU decompositions was required,
particularly when higher accuracies were requested. The realiability of the local
error estimate decreased as some of the eigenvalues moved very close to the origin.
This then resulted in a larger global error than was expected. On the other hand,
for highly non-linear, strongly stable problems the program performed accurately
and efficiently.

Five non-linear problems with some non-real eigenvalues formed the last
class of test problems. Similar conclusions to the ones made for the fourth group
of problems could be drawn also for this class. In particular, it was noticed that
the global error for problems whose eigenvalues moved to the right-half plane was
about two orders of magnitude bigger that the global error for strongly stable
prohlems.

Summarizing the overall results, STINT's performance appears to justify its
inclusio&wz program library of any institution, where a wide variety of stiff
problems must often be solved. Of secondary importance might be its built-in
flexibility for various modifications required to accomodate it to special problem

features.
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APPENDIX

LISTING OF THE PROGRAM

STINT



D

SUBRCUTINE STINT (N, T, Y, DY, SAVE, Hy, HNEXT, HMIN, HMAX, EPS, STNTO010

+ YMAX, KFLAG, KNEXT, JSTART, MAXORD, RW, RJ, MF, STNTD020

+ IPIV) STNTNO3D
STNT0040

3o o oo o ok g R o ok kR KoK ok R OR XK K K R XK 3R Kook koRokok ok ok ko ok ok ok ok Rk ok ok Rk k ok kk STNTDDSN
* *STNTCI6D
* THIS PROGRAM INTEGRATES A SET OF N FIRST ORDER OFDINARY *STNTODT0
* DIFFERENTIAL EQUATIONS. A BLCCK OF THREE OR FOUR SOLYUTION POINTS,xSTNTOO8D
* EACH SEPARATED BY A STZP-SIZE Hy IS COMPUTED AT EACH CALL. THE *STNTO09D
* STEP-SIZE MAGNITUDE MAY BE SPECIFIED RY THE USER AT EACH CALL;: *STNT0O100
* ALTERNATIVELY, IT MAY RE INCREASFD OR DFCREASED BY STINT WITHIN *STNTC110
* THE RANGE [HMIN| TO |HMAX|, *STNTO120
* IN ORDER TO ACHIEVE AS LARGE A STEP AS POSSIBLE, WHILE NOT *STNT0130
* COMMITING A SINGLE STEP ERROR WHICH IS LARGER THAN EPS IN THE *STNTC140
* RMS NCRM, WHERE EACH CIMPCNENT QOF THE ERROR VECTOR IS DIVIDED BY *=STNTO150
* THE CORRESPONDING COMPONSNT OF YMAX. *STNTQ160
* i *STNTO170
* THE PROGRAM REQUIRES 4 SHBROLTINES NAMZ=D: *STNTN180
* *STNTC190
* DIFFUNI(N, T, Y, DY) *STNT 0200
* PEDERVI(N, T, Y, RJ, NO) *STNT02190
* DEC(Ny, NO, A, IPIV, IER) *STNT0220
* SOL(Ny NO, Ay, By [PIV) *STNTNZ239
* *STNTQ240
* DIFFUN EVALUATES THE NDERIVATIVES 2F TH= DZPENDENT VARIABLE Y(I) =*STNT0250
* FOR I=lseeesN AND T AND STORES THFE RESULT IN THE ARRAY DY. *STNTO260
* *STNTD270
* PEDERV CCMPUTES THE PARTIAL CERIVATIVES JF THE DIFFERENTIAL *STNT0280
* EQUATIONS AT THE VALUES Y(I) FIR I=1l,eeesN AND T AND STORES THE *STNTD299)
* RESULT IN ARRAY RJ, THUS,y RJI(JI+(K=1)=ND) IS THF PARTIAL OF DY(J) %*STNTO0300
* WITH RESPECT TO Y(K) FIR JyK=lgeeosN EVALUATED AT Y(I) FOR I=1ly.e *STNTO31D
x ee9N AND To NCTE: NuJ IS THE VALUF OF N ON THE FIRST CALL. IF THE*STNTO032D
* ANALYTIC EXPRESSIONS FJIR THE FARTIAL DERIVATIVES ARFE NOT *STNT0330
* AVAILABLE, THEIP APPROXIMATS VALUFS CAN 8t I3 TAINED RY NUMERICAL *STNTO0340
¥ DIFFERENCING., (SEFE PARAMCTZIR MF, ) iN THI> CASE SUBRJUTINE PEDERVX*STNT0O350
* MAY SIMPLY BF: *STNTD360
* *STNTQ370
* SUBFCUTINF PEDERVI(N, T, Y, RJ, NO) *STNT0380
& RETURN *STNTG39¢C
* END *STNT0400
* *STNTQ410
* CEC PERFORMS AN LU DECCMPOSITION GF A MATRIX A. IFf THE * STNTJ420
* DECOMPOSITION IS SUCCESSFUL TER SHNPULD BE SET TO Oy OTHERWISE IT =STNT0430
* SHOULD BE SET TC +1. *STNT D440
L *STNT0450
* SCGL SOLVES THE LINEAR ALGERRAIC SYSTEM Axx=B, FOR WHICH THE *STNTQ460
¥ MATRIX A WAS PRCCESSED BY DEC. *STNTQ4T0
* *STNT Q480
¥ THIS PROGRAM USES DOURLE PRECISICN FOR ALL FLOATING POINT *STNT D490
* VARTABLES, EXCEPT FOR THQOSE STARTING WITH P, WHICH ARE IN SINGLE =*STNTOS500
* PRECISION, *STNTIS10
] *STNTQ520
* TEMPORARY STORAGE SPACE IS PROVIDED (BY THE USFR) IN THE *STNTQ53)
L ARRAYS [PIV, RJy RWy AND SAVE. THE ARRAY IPIV HILDS A VECTOR OF *STNTNS540
« THE SAME NAME, THE ARRAYS RJ AND RW ARE USED TO HCOLD MATRICES OF *STNTO550
& THE SAME NAMES. THE ARRAY SAVE IS PARTITIONED AS FOLLOWS: *STNT 0560
[ *STNTOS70
k SAVE(J,1) lelEeJelLEe3 AND lalEsIoLESN IS USED TN SAVE *STNT0OS580
3 Y(I,J) IN CASE A STEP (AND HENCE THE WHOLE CYCLE) =*STNTO0590
K HAS TO BE REPEATED. *STNTG063D)




SAVE(9,1) leLEoIoLELN IS USED TN STORE THE DERIVATIVE OF THE *STNTA611
J-TH DEPENDENT VARTARLF SCAL(D RY H. *STNTN62R

SAVE(N9+I,1) IS USED TN STORF THE DERIVATIVES AS THEY ARE *STNTO630
COMPUTED BY DIFFUN FNR THE CORRELCTOR. IT IS ALSO *STNTG640

ACCESSED AS A COMPLETE ARRAY SAVE(NSGP1l,1). *STNTO650

IN ADDITIUN IT IS USED IN THE ERROR CONTRCL TEST. *STNT0&60

(N9 = N) * 9 AND NOP1 = N9 + 1.) *STNTQ6TC

SAVE(N1O+I,1) IS USED TO HOLD THE CORRECTIGN TERMS FOR THE ENTIRE*STNTQ68(
CORRECTOR ITERATION IN THE CASE, THE CORRECTCR HAS *STNTQ697

TO BE REPcATED. (N1 = NJ = 10,) *STNTOTDO

SAVE(N11l¢l,1) IS USED TO HILLC THE DERIVATIVES EVALUATED AT *STNTO710
Y(I)+a AND T, WHERE o IS THE INCREMENT USED IN THE *STNTO72)

NUMERICAL DIFFERENCING SCHEME INVOKED, IN CRDER TO %STNTQ730

CRTAIN APPROXIMATE VALUES NF THE PARTIAL *STNTO740

DERIVATIVES. (N1l = NO * 11l.) - -- *STNTO750

SAVE(N12+],1) IS USED TO HILD THE DERIVATIVES EVALUATED AT Y(I) =STNTQ760
AND T IN ORDER TO ORTAIN APPROXIMATE VALUES OF THE *STNT(770

PARTIAL DERIVATIVES. (N12 = NO * 12,) *STNTQ780

*STNTOT760

THE PARAMETERS IN THE CALLING SEQUENCE HAVE THE FOLLOWING MEANING:*STNTQ800
*STNTO810

N THE NUMBER OFf FIRST CRDER DIFFERENTIAL EQUATICNS TQO BE *STNT 0829
INTEGRATED. N MAY BE DECREASED ON SUBSEQUENT CALLS IF =*STNT0830

THE NUMBER OF ACTIVE EQUATIONS DECREASES, WITH THE *x*STNT 084

FIRST ONES BEING THCSE RETAINSED. BUT, IT MUST *STNT 385"

NOT BE INCREASED WITHOUT CALLING WITH JSTART = 0. *STNTO8AQ

T THE INDEPENDENT VARIABLE. ON ENTRY T [S THE CURKENT xSTNTCBTN
SETTING OF THE INDEPENDENT VARIABLE. ON RETURN TO THE *STNTO830

CALLING PROGRAM, T CORRESPONDS TO THE SETTING OF THE *STNT QB9
INDEPENDENT VARIABLE FOR THE MOST FCRWARD PCINT ORTAINED*STNTCY

. THUS FAR, *STNTO91L
Y AN N BY B8 BY 4 ARRAY CONTAINING THE DEPENDENT VARIABLES *STNTCG2)

AND THEIR BACKWARD DIFFERENCES. ON EACH CALL UP TO FOUR*STNT(93Q
SOLUTICN POINTS ARE OBTAINED. THE MCST FORWARD POINT IS %=STNTJ940
ALWAYS AT Y{(I,1y1)e THE POINT NEXT TO THE MOST FORWARD *STNT(95

POINT IS RETURNED IN Y(I,1,KFLAG). THE MOST BACKWARD ¥STNTCG960
POINT IN THE NEW BLCCK IS RETURNED IN Y(Is142)e ONLY THEXSTNTNQTH
INITIAL SOLUTION VALUES, ENTERED IN Y(I,1,1) FOR *STNTCG8Y
I=lyeeesyNy NEED TO BE SUPPLIED ON THE FIRST *STNT Q990
CALL (JSTART = 9). *STNTLNYD
Y{(I,J419K) CONTAINS THE J-TH BACKWARD DIFFERENCE OF THE *STNT1019
I-TH DEPENDENT VARIABLE (FOR K=lyese9sKFLAG) . *STNT L2
IF IT IS DESIRED TO INTERPOLATE TO NIN-MESH POINTS *STNT1(G3D
THESE VALUES CAN BE USED : IF THE CURRENT STEP-SIZE IS *STNTlu+'
H AND THE VALUE AT T-E (O<|EI<IHI) IS NEEDED, FORM S=E/HXSTNTI1(5!
AND THEN COMPUTE *STNT 1060
NQ *STNT 1070

Y(IM(T-E) = SUM Y(I,J+1,K)*B(J) *STNT1u8L
J=0 *STNT1099

WHERE Ky, WHICH CORRESPONDS TO T, IS THE FIRST MESF POINT®*STNTL1100
BEYOND THE PIINT T-E, AND B(J+1) = B(J)=x{J=-S)/(J+1) *STNT111C
WITH B(0) = 1. *STNT 1120
Dy AN N BY 4 ARRAY., OY(IyK)y leLEelelEeNy lelE.KoeLE.KFLAG, *STNT113(

CONTAINS THE DERIVATIVE OF THE I-TH DEPENDENT VARIABLE *STNT1140
SCALED BY He THE DY(I,1) ARRAY NEED NOT BE SUPPLIEC AT %xSTNT116"

THE FIRST CALL (JSTART = 0), *STNT1167
SAVE A BLOCK OF AT LEAST 13*%*NO DOUBLE PRECISION FLOATING POINT=STNT117C

LOCATICNS. *STNT1180
H THE STEP-SIZE USED FGR THE JUST COMPLETED BLQOCK. *STNT1199

fwfrwf****Qf***ii**l-***l—******l—****_******-l*******%****!**{**

HNEXT THE STEP-SIZE FOR THE NEXT BLOCK. ON THE *STNT 127
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FIRST CALL (JSTART=) THE USER MUST SPECIFY AN INITIAL *STNT1210
STEP-SIZte A GJOD ESTIMATFE OF ITS MAGNITUDE IS GIVEN *STNT 1220

BY “e2%(FPS/ABS(E))*2).5 4, WHERF & IS THE LARGEST *STNT1230
EIGENVALUE OF THC JACOBIAN EVALUATED AT THE INITIAL *STNT124D

VALUES 0OF T AND Y. THE SIGN OF THE INITIAL HNEXT *STNT125¢C

SHQULD BF POSITIVE (NEGATIVE) [IF THE FINAL TIME IS *STNT1260

GREATER (LESS) THAN THE INITIAL TIME, [IF THE INITIAL *STNT 12706
STEP-SIZF CHOIICE DOES NCT CAUStE AN ERROR GREATER THAN *STNT1280

EPS, IN THE RMS NORWM, IT WILL BE ACCEPTED; CTHERWISE, *STNT 1290

ITS MAGNITUDE WILL BE DECREASED UNTIL AN ERRQOR LESS *STNT 1300

THAN EPS IS ACHIEVELC. THE SUBRJUTINE AUTOMATICALLY *STNT1310

ADJUSTS THE STeP-SIZE AFTER THE INITIAL AND SUBSEQUENT *STNT1320

CALLS FOR TH= STEP-SIZE OF LARGEST POSSIBLE MAGNITUDE. *STNT1330

THE MAGNITUDZ MAY BE ADJUSTED DOWN ON ANY SUBSEQUENT *STNT1340

CALL. NJOTE: A MAGNITUDE ADJUSTMENT- UP-(CR A SIGN CHANGE *STNT1350

WILL BE IGNORED. . *STNT1360

HMIN {HMIN] IS THE MINIMUM STEP-SIZE MAGNITUDE T0O BFE ALLOWED =STNT1370
FOR THE NEXT INTEGRATION CYCLE. (ON THE FIRST CALL *STNT1380
(JSTART=0),y |HMIN| SHOULD BE CHOSEN SIGMIFICANTLY *STNT 1390

SMALLER THAN [|HNEXT] SO AS TO AVOID START-UP PROBLEMS IF%*STNT1400

THE cRROR CRITFRION IS NOT MET WITH THE USER SPECIFIED *STNT141C

HNEXTe.) NOTZ: THE SIGN NF HMIN IS IGNCFFD. HMIN MAY BE*STNT 1420

CHANGED ON SURSEQUENT CALLS. *STNT1430

HMA X {HMAX] IS THE MAXIMUM STEP-SIZE MAGNITUDE TO BE *STNT 1440
ALLOWED FDOR THE NEXT INTEGRATION CYCLE. NOTE: IF |HMAX]|*STNT 1450

IS LESS THAN |RYIN}, THEN THE SURRIUTINE FUNCTIONS AS *STNT1460D

THCUGH IHMAX] EQUALS [HMIN|. HMAX MAY BE CHANGED CN *STNT 1470
SURSEQUENT CALLS. *STNT 148C

EPS THE ERRCR TFST CONSTANT, THE SINGLE STEP ERRCR ESTIMATE *STNT 1490
FOR Y, CIMPUTED AS A WEIGHTED RMS NOEM, MUST NCT EXCEED *STNT1500

EPSse THE WulGHT FOR THE I-TH ELEMENT IN THE ERROR _*STNT1510

ESTIMATE IS 1/vyMaX(I)e (SEE PARAMETER YMAX.) THE *STNT1520
STEP-SIZE ANJD/QR ORDER ARE ADJUSTED T3 ACHIEVE THIS, *STNT153D

YMAX AN ARRAY PF N) LICATIONS,y WITH==FCR I=1yeeesN==YMAX(I]) *STNT1540
BEING THE MAXIMUM OF UNITY AND THE MAXIMUM VALUE CF *STNT 1550

ly(I)|l SFEN THUS FAR. CN THE FIRST CALL IT SHCULC BE *STNT1560

SET TO THF MAXIMUM CF UNITY AND THE INITIAL VALUE OF *STNT1570

lycn . *STNT1580

KFLAG A CCMPLETICN CODE. IF KFLAG IS GREATER THAN 0O,THEN *STNT1590
KFLAG PCINTS HAVE BEEN COMPUTED. IF KFLAG IS *STNT 1600

-2y -3y OR -4 THEN 2, 3y OR 4 MESH POINTS, RESPECTIVELY,*STNT1610

HAVE BEEN CGMPUTED WITH {H|=|HMIN|, BUT THE REQUESTED *STNT 1620

ERROR WAS NJT ACHIEVED. OTHER VALUES KFLAG CAN ASSUME *STNT1630

ARE AS FJOLLOWS: *STNT164C

-5 THE REQUESTED ERROF WAS SMALLER THAN CAN BE HANDLED*STNT1650

FOR THIS PROBLEM, *STNT 1660

-6 CORRECTOR CONVERGENCE COULD NOT BE ACHIEVED FOR *STNT1670

DABS(H) e GT.DABS(HMIN) . *STNT 1680

-7 THE MAXIMUM NRDER SPECIFIED WAS TOO LARGE. *STNT 1690

KNEXT AFTER THE INITIAL CALL (JSTART=0), THE VALUE OF KNEXT IS *STNT1700
THE NUMBER OF PJINTS TO BE CIMPUTED DURING THE NEXT *STNT1710

CYCLE. THE VALUE IS SUPPLIED FOR INFORMATICN ONLY. THE*STNT1720

USER CANNGT CONTRJL THE NUMBER OF POINTS BY SETTING *STNT1730

KNEXT . *STNT1740

JSTART AN INPUT INDICATOR WITH THE FOLLOWING MEANINGS: *STNT1750
0 INIALIZATION CALL. (JSTART MUST BE SET TO O ON THE*STNT1760

FIRST CALL.) *STNT1770

>0 CCNTINUE FROM THE LAST STEP. *STNT 1780

ON RETURN JSTART IS SET TO NQ, THE MAXIMUM BACKWARD *STNT179C
DIFFERENCE AVAILABLE IN THE Y ARRAY, (THIS ALSO CORRES-*STNT1800
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Cx PONDS TO THE ORDFR CF THE METHOD USED TO COMPUTE THE *STNT181¢

Cx JUST CCMPLET=D BLOCK OF POINTS.) *STNT 1821
C* MAXORD THE MAXIMUM ORDER (l.LF.MAXNRKD.LE.7) THAT MAY BE USED. *STNT 183
Cx NOTE: IF MAX)RD IS RESET RETWEEN CYCLES TO A VALUE LESS *STNT 184{
Cx THAN THE ORDER DETERMINED FOK THE NEXT CYCLE, THEN THE *STNT 185(
C* ORDER MAY FUOR SEVERAL CYCLES EXCEED MAXCRD. HOWEVER, *STNT 186¢(
Cx IT CANNCT EXCEED THE ABRCOVE DETFRMINED VALUE AND, CNCE *STNT 187¢
Cx* THE CEDER IS LZSS THAN (OR EQUAL TO MAXOFD, IT CANNOT *STNT 188f¢
C* THEN EXCEED MAXNDRND, *STNT189¢
C* RY A BLOCK OF AT LEAST NO=xx2 DOUBLE PRECISION FLOATING POINT*STNT 190(
C* LOCATIGNS, WHICH CCNTAINS AN ESTIMATE CF THE JACOBIAN *STNT 191¢
Cx* OF THE DIFFERENTIAL EQUATION. © %STNT 192¢
Cx RW A BLOCK OF AT LEAST NOxx2 DOUBLE PRECISION FLOATING POINT*STNT 193]
Cx LOCATIONS . *xSTNT 194{
Cx IP1V A BLOCK OF AT LEAST NO INTEGERS USED. TO.HGLD PIVOT DATA =*STNT195(
Cx GENERATED DURING AN LU DECOMPOSITION. *STNT 1964
C* MF METHOD FLAG o IT DETERMINES THE MODE BY WHICH THE PARTIAL*STNT197¢
C*x DERIVATIVES ARE OBTAINED WITH THE FOLLOWING MEANING: %*STNT 198(
Cx 1 ANALYTIC Z=XPRESSIONS FOR THE PARTIAL DERIVATIVES ARE *STNT199¢
C» SUPPLIED BY THE USER IN THE SUBRCUTINE PEDERV; *STNT 200¢
Cx* ' 2 THE ANALYTIC EXPRESSIONS ARE NOT AVAILABLE. *STNT 2010
Cx APPROXIMATE VALUES OF THE PARTIAL DERIVATIVES ARE *STNT 202¢
Cx* OBTAINED 3Y NUMERICAL DIFFERENCING. *STNT 203¢
C* *STNT 20C4¢(
CoRkk o ok o ok ok ok 50k oo ko i ok oK kK KR O B0k Kok kb o Ok ok ok ok ok Rk koK ok Rk ok ke k ok %% S TNT 205
C . STNT 2060
IMPLICIT REAL*8 (A-H,Q-2) STNT2GTC
DIMENSICN Y(Ny8y4)y DY(Ny4)y SAVE(9,1), YMAX(1l), RW{(Ll), IPIV(1l), STNT2080

+ INDEX(T7,2), B(B82), C(16)y PERROR(9), PC(16), PD(T), STNT 2090

+ B1(48), B2(34), RJ(1) STNT 2100
EQUIVALENCE(B(1)4B1(1))4(B(4S),B2(1)) - STNTZ2111%
COMMCN /STAT/ NSTEP,NFESNJEsNINVS STNT212¢

C STNT 2130
C ok 3ok o ook ok sk skokokof ok sk ok 3ok ok 33 ok % 0 o ook ook ok okl o ok seomol kol KoKk 3k kok ok ok ook ke kok S TNT 21 40
C* THE CONSTANT URCUND SHJULD BE SET EQUAL TO THE UNIT RCUND-OFF *STNT 2150
Cx FOR THE MACHINE. THE CONSTANT SQRTUR SHOULD BE SET EQUAL TG THE *STNT2160
Cx SQUARE RCCT CF UROQUND. ' *STNT2170
€2 30k 0k ek sk ok i ok ok ok 3ok ok K oK ok 3K K 9K Kk Rl ook ok kol sk e ko K kow ok K koK kb ok sk Rk kkok x %k S TNT 211 80
c ‘ STNT 2190
DATA URCUND/4.C-16/, SQRTUR/2.D-8/ STNY 2200

Cc STNT 2210
€ 2ok 3o sk ok o ok ok e ok ok ok ok ok skt o ok ool Kok Kok Ok R0k Kok 3ok ek 0k ok 3ok ook 0K ok ok ok skokokok kokokkokok Rk STNT 2220
Cx THE ARRAY INDEX HOLDS POINTERS AND CONSTANTS FOR THE VARIOUS *STNT 2230
Cx ORDER METHODS. FOR NQ=1lyeees?7 THE ENTRIES ARE AS FOLLOWSesoo *STNT 2240
Cx INDEX{NQ,1) BASE INDEX FOR B ARRAY (H*DY PREDICTOR). *STNT 2250
Cx INDEX(NQy2) BASE INDEX FOR C APRAY (CORRECTOR). *STNT 2260
€ 2k 200k ook ook oo ok o oo oow o ok koK o Kok ok oK 3 okokoR 20K K ok xk kR K Kok ok koK Kok kK kK kR ok ok koK ok ok kk STNT 22 70
C STNT 2280
DATA INDEX/ 1y 24 4, 11, 29, 38, 59, STNT 229"

+ ly 29 3, Sy Ty 10, 14/ STNT 2300

Cc STNT 2310

C ook ook ok ok ook ook ok ok sk ot ok kR ook X ok ok ok ok ok ok o o ok ok kol ook okaok ok ok okok ok kkokk kk STNT 2320

Cx THE COEFFICIENTS APPEARING IN THE NEXT DATA STATEMENTS FOR THE *STNT 2330
C* B ARRAY SHOULD BE DEFINED TO THE MAXIMUM ACCURACY PERMITTED BY *STNT 2340

C* THE MACHINE. THEY ARE, IN THE ORDER SPECIFIEDjeee *STNT 2350
Cx* 1 *STNT 2360
C* -2y 3 *STNT 2370
Cx* =9/2y -5/4, 11/2 *STNT 2380
Cx -1572, =374, 1272, 2 *STNT 239C

Cx* -22/3, -8/3, -17/18, 25/3 ' *STNT 2400




i

Cx* -9, -9/4, -7/8y 35/4, 5/4 *STNT 241
Cx* -125/12, -101/24, -71/36, -37/48, 137/12 *STNT 242
C* -253/24, -1001/240, -737/360, -123/160, 1373/120, 1710 *STNT 242
Cx -57/ 4, -25/8, -17/10y -169/24D, €1/5, =-1/2G, 31/10 *STNT 244
Cx =-137/190y -117/2Cy -46/15y -191/123y =197/3:30, 147/10 *STNT 24°¢
Cx* -353/25, -571/100, -1319/6)0, -79/50, -3919/6900, 1477/100, 7/20 *STNT24¢
Cx* -3529/200, -1889/400, -1609/6L0, -3527/240¢, -931/150C, 3079/2CQ,*STNT247
C* -3/20y 17/5 *STNT24¢
Cx -343/20, -303/40, -253/6), -589/240, -101/75, -23/40, 363/20 *STNT 24¢
C* -266/15y -221/32, -749/18Cy -73/20, -803/63u,y -1C3/18C, 547/30, *STNT25.
Cx* 172 *STNT 251
Cx -1316/75, -1151/150, -3689/9(D, -121/53, -4033/3C2C, -257/450, *STNT252
C» 2T137/1504 -1/5, 1/2 *STNT 252
2 %k ook o o ok ok ok A o ook sk e o ok o ok ok ek ok ook ook ol ook HOKK K ok ROk ok kol o ook ok kR sk ok okl ok ok kk S TNT 254
C STNT 26¢
DATA B1/ STNT 25¢

. 1e0U0s =2e0D0e¢ 3¢0D00¢ =4,5000 =1.25000 5.5D00 =7.500, .STNT257

. =eTHuly 6¢5D00¢ 2.0D0y =7,333333333333333300+ STNT25¢

. =2 HEHLH6606666666TD0 ¢ =,944444040444444444D0, STNTY25¢

* Re3333333333333333009 =9.UD0y =2.25D09 =+875D0s 8,75D0s  STNT26:

. 1625000 =1Ue0]16666666666667D0y =4,2083333333333333D0y STNT 261

. =1.97c222¢222222222004 =+77083333333333333D0 STNT 262

+ 11.616606066666667D0s =10.54166666666666TD00 STNT 26:

4 =4,170833333333333300y =1.9638R88888586889D0¢ =.7687SD0s STNT 264

. 11.441666606666667D0s 0,1DV0s =14,25009 =3,125009 =1.7D09 STNT26C

4 =e704]16666666666667DV0y 122000 =+e05D009 3,100y =13,7D00» STNT 26¢

¢ =5,85000 =3.,0666666066666667D0¢ =1.5916666666666667D0 STNT 267

4 =e65666666666666667D0y 14.7D009 =14,12009 =S.71D0» STNT26¢

. =3,0316666666666667D00y =1.58009 =+65316666666666667D0/ STNT 26¢

DATA b2/ STNT27¢C

+ 1477009 0e35D0y =17.64S5D0y =4,722500, STNT 271

* =2.6810666066666666T00« =1.,4695833333333333D0» STNY 272

. =eh206666066666666TVU0s 156395009 =o15D0¢ 3,4D09 =17.15D0¢ STNT27?

. “7e5750U0y =4.21666660666666067D0s =2.4541666666666667D00 STNT 274

. = 1e340006006666666667004 =.575D0s 1841500 STNT27¢

. =17e733333333333333D0y =7.366666666666666TD0 STNT27¢

. ~64e1611111111111111004 =2.4333333333333333D0 STNT 271

. =1e3385333333333333UU =45722222222222222200+ STNT2T7¢

. 18.233333333333333D009 045909 =17.564666666666666700, STNT27¢

* =7e¢6733333333333333D0y =4.0938888888888889D0¢ =2.42D0, STNT 288

. =163343333333333333000 =e5714111111111111100, STNT281

. 18.2466660666066667D0y =0,200y 04500/ STNT 28¢

c : STNT28:
(C 3 ook 3k ook ok K X K K 5 CKOK 3% Rk KR 30K RO K 0K 0k kK o oK K ok oK ok Yok ko SRR F ok ok Rk Rk kkk x Xk STNT 284
Cx THE COEFFICIENTS APPEARING IN THE NEXT DATA STATEMENTS FOR THE *STNT 28¢
C* C ARRAY SHCOULD BE DEFINED TO THE MAXIMUM ACCURACY PERMITTED BY *STNT 28¢
C* THE MACHINEe. THEY ARE, IN THE ORDER SPECIFIEDjyeee *STNT 287
C* -1 *STNT 238¢
Cx* -2/3 *STNT 28¢
Cx* -6/11, =273 *STNT29¢
C* -12725, -16/31 *STNT29]
Cx* -60/137, -600/1373, -100/193 *STNT 29.
Cx -20/49, -120/293, -75/184, -1209/2299 *STNT29:
Cx* -140/3¢€3, -€0/143, -1050/2437 *STNT 29¢
C Rk ok kol ok ook o ok ok ok kKo A ok ek ok ook ok koK R Kok OKOKoK koo kalolok ok ok ok Kok xRk Rk Rk ok ok ok STNT 29¢
c s STNT 29¢
DATA C/ =1.0009 =e6666666666666666T00, =.54565454545454545D0, STNT 29

. - e bb60666606666666TVV =4BL0s =¢51612903225806452009 STNT29¢

. - 379562043795620600y =+4369992716678805600, STNT 29!

. -e5181347150259067400, =.4081632653061224500, STNT 304



RV

. =e40555631399317406D0¢ =.40760869565217391D0, gk STNT 3¢

. =e5219€60722053066600y =¢3856749311294765900, STNT 3¢

c . =e4155804195R804195800y =.43085761181780879p0/ STNT3(
STNT 3¢

Codk b Ak ook ook Ko R R KRR O8Ok KR K SO K K K KR Kok ok Rk kR k& § TN T 3¢
C* THE CCEFFICIENTS IN THE PERROR ARRAY ARE USED IN THE ERROR TEST, *STNT3:
C* THE FIRST TIME IT IS PZRFORMED, AS WELL AS IN THE STEP-SIZE/ORDER *STNT 3¢
C* SELECTICN SEGMENT., PERROR(I+1) = 1/D(I+1) , I=l9eee9 7y WHERE *STNT 3¢
C* D(I+1) IS THE DISCRETIZATICN ERROR CGNSTANT CORRESPONDING TG THE *®STNT 3¢
C* SECOND PASS OF THE INTEGRATION CYCLE GF ORDER . PERRCR(1) AND *STNT3]
Cx PERROR(9) ARE DEFINED SOLELY FOR PROGRAMMING EASE; THEY ARE NOT *STNT 31

Cx*x USED. *STNT 3]
Co R oo ok ok ok o KRR K KKK KKK KRR KR K K K Rk KK K A kR kR ok KRk STNT 3]
c STNT31
DATA PERROR/ leDy 16Dy 1e92857, 2.78161, 3.56735, STNT 31

+ 4429497y 449065, 5,666, 1.0/ STNT3]1

Cc STNT 31

CHA XA Ao A Ao kK o SRR A KRR K K R 0K K KR kR Sk ARk KoKk Kok kRl Kok ok ok K ok STNT 3]
Cx* THE COEFFICIENTS IN THE ARRAY PC ARE USED BOTH IN THE CONVERGENCE *STNT31

Cx* AND ERROR TESTS. THEY ARE THE RECIPROCAL VALUES CF THE *STNT 32
C* DISCRETIZATICN ERROR CINSTANTS FOR EQUATIONS CONSTITUTING THE *STNT32
Cx METHODS CF ORDER 1 THRY 7. *STNT 32
C**#*************#****#*ﬂ*******#*************************************#*STNT32
c STNT32
DATA PC/ 2.0y 4¢59 743333, 6.0, 10,4167, 9.3, 13,7, 13.8687, STNT 32

+ 9.69C4y 17.15y 1646504, 17.4349, 9.472, 207429y 15.921,STNT32

+ 14,7809/ STNT32

c STNT32

C****************************4«****4*************#**********************STNT32
Cx* THE COEFFICIENTS APPEARING IN THE ARRAY PD ARE USED IN THE TESTING*STNT33
C» OF THE *CUTDATENESS® OF THE ARRAY RW, THE PD(I) ELEMENT CCNTAINS *¥STNT33
C»* THE AVERAGE VALUE OF THE COEFFICIENTS IN ARRAY C CORRESPONDING TO *=STNT33

C* ORDER 1. *STNT 33
C stk ok ook ok 3ok K oKk KRR RO KK K K KK K ROR ok e ok R K KR KK KR SOk ok ok ok ok o koK kok xRk ok S TNT 33
c STNT33

DATA PD/ 1e0y 06667, 0.6061y N,4981ly D.4644, (.4368, 0,412/ STNT33
c STNT33

C 3 ok e o e o K 3K 08 K R K K K OR300 R KR S o oK Kk SRR oK KRk KoK K R kR Rk Kk KXk Xk STNT 33
c**************************gy***tt*******m****t*tt****t***#*****#*******STNT33

C STNT 34
KFLAG = 0 STNT 34

IFAIL = © ) STNT 34
IF(JSTART.NE.O) GO TO 80 STNT 34

C* *STNT 34
C* INITIALIZATION ==~ FIRST CALL *STNT 34
Cx* *STNT 34
20 NO = N STNT34
FN=DFLOAT(N) STNT 34

N9 = NQO * 9 STNT 34

N9P1 = N9 + 1] STNT 35

N10 = N9 + NO STNT 35

N1l = N10 + NO STNT35

N11P1 = N11 + 1 STNT 35

N12 = N11 + NO STNT 35

N12P1 = N12 + 1 STNT35

NSQ = NO*NO . STNT 35
IWEVAL=+1 STNT35

TOL=T STNT 35
H=DMAX1(DABS(HMIN) yDMINL(DABS(HNEXT) yDABS(HMAX))) STNT 35

IF(HNEXT LT e0.DD) H=-H STNT36



30 NQOLD= 0O STNT 3610
ISwWl=0 STNT 3620
1Sw2=0 STNT 3630
CRATE=1.00 STNT 364N
CALL DIFFUN (N, T, Y, DY) STNT365¢(
NFE=NFE+1 STNT 3660
DO 40 I=14N STNT3670

DY(I,1) = H*DY(I,1) STNT 3689
NO = 1 STNT 3690
IST = 1 STNT3700
IDEL = O STNT3710
GO TO 180 STNT 3720

*STNT 3730

CONTINUE wITH THE STEP-SIZE W xSTNT 3740
*STNT 3750

HNEH=DMAX1(DABS(HMIN).DMINI(CARS(HNEW).DAHS(HNFXI),DAPS(HMAX))) STNT3760
IF(HelLTo0eDO) HNEW=-HNEW STNT3770
IF(H.NE.HNEW) €O TO 117 STNT3780(
1ST = NQP1 STNT 3790
IDEL = NGP1 STNT 3800
1Sw2=0 STNT 3810
G0 TO 180 STNT 3820
*STNT 3830

NEW STEP-SIZE --- INTERPCLATE FNk NEW POINTS ®«STNT 3840
*STNT 3850

RATION=HNEW/F STNT 3360
H = RATIO*H STNT 3870
RC=RC*RATIO*DBLE(PD(NQ)/PDQLD) STNT 3880
POCLD = PD(ANQ) 5TNT 3590
IF (NQ.EQel) GC TO 152 LTNT 3900
IEQ = NEQ STNT3910
D = 0.0DO STNT 3920
D0 140 J=2,NQ STNT 3930
D = D + RATIG STNT 3940

1F (D.GT.DFLOAT(NEQ+NQP1-IEQ)) [EQ=2 STNT 3950

D1 = DFLCAT(NEQ-IEQ-1) - D STNT396¢C

DC 140 I1=1,N STNT 3970
D2 = 1.009 STNT 36980

D3 = U.0D00 STNT 3990

DO 120 J1=2,NQP1 STNT 4000

D2 = D2*(DFLOAT(JL) + C1)/DFLOAT(J1-1) STNT4Q1C

D3 = C3 + D2*Y(I,J1,IEQ) STNT 4020
Y(1,Js1) = D3 ¢+ Y(I,1,1EQ) STNT 4030

IST = NQ STNT 4040
IDEL = © STNT 4050
DO 160 I=1,N STNT 4060

DY(I,1) = DY{(I,1)*RATIO STNT4CT0
IRET = 3 STNT 4080
GO TC 4000 STNT 4090

P *STNT 4100
o% INITIALIZE SAVE ARRAY *STNT411D
. *STNT 4120
DO 200 1=1,N . STNT 4130
SAVE(9,I) = CY(I,1) STNT 4140

DO 200 J=1,1ST STNT 4150
SAVE(J,I) = Y(I,Jy1) STNT 4160

NQST = NQ STNT417¢C
RATIO = 1.0D0 STNT4180

TOLD = 7 STNT41940

HOLD = H STNT 4200




220

Cx
C*
Cx*
C*

260

280

Cx
Cx
Cx

Cx
Cx*
Cx

300

320

340
360
380
400

420
440
460

I[F ((NQ.EQ.NQOLD) .AND. (FN.EQ.DFLCAT(N)) ) GO TC 3¢r
IF ((NQ.EQ.NQOLD).ANC. (FN.NE.DFLCAT(N))) GO T0 280

IF (MAXCRD«LT.8) GO T2 260
KFLAG = -7
GO TG 4185

SET APPROPRIATE PARAMETERS AND CONSTANTS
FOR NEW CYCLE OF JRDER NG

INDB INDEX(NC,1)
INDC INDEX(NQ,2)
NEQ = 3+NQ/5
JSTART = NQ

non

NQ3LD = NQ

NOM1 =NQ-1

NQP1 = NQ+1

Q = DFLOAT (NQ)

ENQDWN = 0.5D0/Q

ENQSAM = 0,500/(Q+1.000)

ENQUP = 0.5C0/(Q+2.0D0)

FN = DFLOAT(N)

EDOWN = FN* (DBLE(PERROR(NQ)) *EPS ) *%2
EUP = FN*(DBLE(PERROR(NQ#+2))*EPS)**
ES = FN*(DBLE(PERROR(NQPL))*EPS) %%
IF(EDOWN.GT.0.C0) GO TO 300

KFLAG = -5

GO TO 4185

CHECK FOR REEVALUATION OF JACOSIAN

IF(ITWEVAL.GT.0) GN TO 320
IF((TDL-TOLD)*+.GT.0.00) GO TJ 320
IF(DABS(RC-1.DC)«GEs4.0-1) IWEVAL
IF(DABS(RC-1+4D0)eGEs8sD~-1) IWEVAL
INDBB = INDB
INDCC = INDC
DO 1000 IEQ=1,NEQ

IST = MOD (IEQ, NEQ) + 1

T =T + H

BNO=FN* (DBLE(PC(INDCC) )*ENQUPXEPS)*%2

E=ES

IF(IEQeGTe2) E=FN* (DBLE(PC(INDCC))*EPS ) %%

+2
+1

PREDICT ¥ AND DY FOR THE NEXT MESH POINT

DO 460 I=1,N
D = DY(I,IEQ)
D1 Y(I,1,1EQ) + Q%D
D2 BUINCBB+NQM1)*D
IF (NQ-2) 440, 400, 340
IF (1EQ-3) 4)0, 380, 360
D2 = D2 + B(INDBBR+NQP1)*DY(I,3)
D2 = D2 + B(INDBB+NQ)*DY(I,2)
DO 420 J=2,NQ
D = Y(I,J,IEQ)

03 = DFLOAT (J-1)
Dl = Cl1 + D*(D3-Q)/D3
D2 = D2 + DxB(INDBB+J-2)

Y(IQIQIST’ = D1
DY(TI,IST) = D2

80

STNT42:
STNT42,
STNT42:
STNT 42
STNT 42!
*STNT 42¢
*STNT42°
*STNT 42¢
*STNT42¢
STNT 43¢
STNT43)
STNT43;
STNT 43°
STNT 43¢
STNT43¢
STNT 43¢
STNT437
STNT 43¢
STNT 439
STNT 440
STNT 441
STNT 442
STNT 443
STNT 444
STNT445
STNT 446
STNT 447

*STNT 448
*STNT 449
*STNT450

STNT 451
STNT452
STNT453
STNT 454
STNT 455
STNT 456
STNT 457
STNT458
STNT 459
STNT 46!
STNT 461
STNT 462

*STNT 463
*STNT 464!
*STNT 465!

STNT 466!
STNT 46T
STNT 468
STNT 4691
STNT 4T
STNT4T1!
STNT 47 2¢
STNT 473¢
STNT 4741
STNT 475¢(
STNT 476t
STNT4TTL
STNT478f
STNT479(
STNT 481)(




* # * X X

470
50 0
510

520

530

540

550

560
610
620

640

660

680
700

IF(NQ.LE.2) GO T 47
[F(IEQ.GT.1) IND33 = INECRB + NQ + IED) - 2

ITERATE THE CORRECT IR uUpP T2 THREE TIMgS. ACCUMULATE THE
CORRECTICON TEKA4S IN SAVE(NL1Y+[,1) FOQR REDOING THE ENTIRE
CORRECTCR IF CCNVERS=NCE IS NIT ACHIEVED

D1 = CCINDCC)
DO 51¢ I=1,N
SAVE(N1IO+1I,1) = N.DI
DO 780 J=1,3
CALL DIFFUN (Ny Ty Y(1,41,IST)y, SAVE(NSPLl,1))
NFE=NFE+1]
IF(IWEVAL-1) 680, 52), 62
IND = 1EQ
IF(IEQeEQs2) IND = 1
GO TO (€10, 530), MF
CALL DIFFUN (N, T-H*DFLOAT(1+IZQ-IND)y Y(1l,s1,IND),
SAVE(N12P1,1))
NFE=NFE+1
D = ¢.DO
DO 540 I=1,N
D = D + SAVE(MN12+]I,1)%x%x2
U = DASS(H)21.03*UROUND#DSORT (D)
NJUE = NJUE + 1
JO = 0
DO S60 Jl=1sN
DI = SQRTUR®YMAX (J1)
DI = LMAX]1(DILD)
YJ1l = Y(JlelsIND)
Y(Jle1sIND) = Y(JleleIND) ¢+ OI
CALL DIFFUN (Ny T=H®DFLOAT(1+IEQ=IND)s Y(lelsIND)o»
SAVE(N11Pls1))
NFE = NFE ¢ 1
DO 550 I=1eN
RJ(I+JO) = (SAVE(N1lelosl) = SAVE(N]12+I,s1))/0DI
J¢ = J0 + NO
Y(Jly1,yIND) = YJI1
CCNTINUE
GO TO 620

CALL PEDERV (N, T-H*DFLOAT(1+I1cQ-IND), Y(1,1,IND), RJ, NO)

NJc=NJE+1
0 = Dlx*t+
DO 640 I=1,NSQ
RW(I) = RJ(I)=D
Ji1 =1
DO 660 [=1,yN
RW(J1) = 1.D00 + RW(JL)
Jl1 = J1l + NO + 1
CALL DEC (N, ND, RW, IPIV, [ER)
NINVS=NINVS+1
IWEVAL = -1EQ
RC=1.D0
PDOLD=PD(NQ)
IF(IER.NE.C) GO TJ3 890
D0 76C I=1,yN

SAVE(NO9+I,1) = OY(I,IST) - H®SAVE(NG+I,1)
CALL SOL (Ny NOy RWy SAVE(NO9P1l,1), IPIV)
D2 = 0.0D0

J3 = N9

STNT4810
STNT 4820
*STNT 4830
*STNT 4840
*STNT 4850
*STNT 486G
*STNT 4870
STNT 488"
STNT 4890
STNT 4900
STNT4910
STNT 4920
STNT 4939
STNT494C
STNT 4959
STNT 4369
STNT4970
STNT 49890
STNT499¢
STNT 5000
STNT501D
STNT5G29
STNT 5030
STNT 5G40
STNT5050
STNT 506N
STNTSQ7C
STNT5080
STNT5G9D
STNTS51¢0
STNTS5110
STNT5124
STNT 5130
STNT514D
STNTS5150
STNT 5160
STNTS170Q
STNT5180
STNT5190
STNTS200
STNT 5210
STNT5220
STNT 5230
STNT 5240
STNT5250
STNT 526D
STNT5270
STNT 5280
STNT 5290
STNTS5390
STNT5310
STNT5320
STNT533(0
STNT 5340
STNT 5352
STNT 5360
STNT 5370
STNTS389
STNTS5390
STNT 5400




DU 760 I=1,N STNT 541
J3 = J3 + 1 STHNT 542

J2 = J3 + NO STNT 543

SAVE(J2,1) = SAVE(J2,1) + SAVE(JS3,1) STNT 544

Y(I,1,IST) = Y(I,41,IST) + C1l*SAVE(J3,1) STNY 545

DY(I,IST) = DY(I,IST) = SAVE(J3,1) STNT 544

760 D2 = D2 + {SAVE(JU3,1)/YMAX(I))=*%x2 STNT 547
TE{UoNEL1) CRATE = DMAX1{CRATE*9.D-1,02/D3) STNT 548

IF 10/30MINT{L.D02.N0%CRATE)LGTWBNCY GO TC TTC STNT 549

GO T8 940 STNTS5E4

770 3 = D2 STNTSS)
730 CONTINUE STNT 58>
Cx *STHTSE2
Cx CORRECTLR FAILED TU ZUMVERGE IN THREE ITERPATIMNS . ¥STNTEE,
Cx* TP O JACGH; AN WAS PZEVALUATED CURING THIS ¢YCLZ, STEP-SI{IZE 1S £STNT5355
Cx* REDUCED YO 3/1¢ I8 H. OTHERWISCy JACORIAN IS RETVALUATEN *GTRTS55%
C* . *STNTSS7?
™oL = ToLD STNTSSg
IF(IWEVALLEQ.C) 6T T 90y STNT55¢

800 [F{DARS{H) o Lte (1aUCIILIDXDABS(HMIN))) IF(NQ-2) 4180, 4120, 4140 STNT560
RATIO = RATIC#0.309 STNTS61

IRET =1 STNYS562

ISWi=0 STNTSER

ISw2=1 STNT 564

INEVAL = +Z STHLTS85

GO TO 3200 STNTSen

aG e DO 920 1=1,N STINT 567

C = SAVE(MIO+i,1) STNT568
Y(T:1.137) = ¥{I,1,1ST) - D1*D STNT 569

920 DY(I,IST) = DY(I,IST) + D STNTS570
IWEVAL = +1 ~ STNTST1

GO TO 500 STNTS72

C* *STNTS573
Cx CORRECTCR CONVERG=ZDe. THE BACKWARD DIFFERFNCES OF CRDER *STNTS574
C* CNE THRCUGH NQ AT THE NEW MESH POINT ARE COMPUTED *STNTS75
C* x*STNTS76
G40 DO 98C I=1,N STNTS77
DO G600 J=1,NQ STNTS78

960 Y{I1eJ+1,IST) = Y(I,J,IST) = Y(I,J,1EQ) STNTS79
IF(IEQ.EQ.1) GO TO 980 STNT 580

C»* *STNTS81
C* THE (NQ+1)-ST BACKWARD DIFFERENCE FOR ALL BUT THE FIRST *STNTS582
C* MESH POINT IS ESTABLISHEC x*STNT 583
Cx* *STNT 584
SAVE(NG+I 41) = Y{I ¢yNQPL,IST) = Y(I,NOPL,IEQ) STNT 685

980 CONTINUE STNT 586
IF (IEQ.EQ.NEQ) GO T0O 1015 STNTS87

IF (NQ.LE.2) GO T0O 1010 STNT588

IF ((IEQoGToel)e OR +{NQEQ.6)) INDCC = INDCC + 1 STNT 589

1C190 IF{TIEQ.EQ.1) GO TO 1990 STNT 599
C* *STNTS91
C* ERROR TEST FOR ALL BUT TEE FIRST MESH POINT IS PERFCRMED %*STNT 592
C* *STNT 593
1015 D = 0.00 STNT 5G4
DO 1020 1=1,N STNTS595

10620 D = D ¢ {(SAVE(NO+I 41)/YMAKXK({I))=x%x2 STNT 595
IF{DGT.E) GC TO 1030 STNTS&937

1000 CONTINUE STNT 5938
GG TO 1160 STNT59S

Ce *STNT60)



¥
%
1030

v

.

1140

1160

bt
1200

122¢

THE ERRCR CRITERI.IN WAS NOT MET

IFAIL=TFAIL+]
IF(IFAIL.GT.2) GC TO 1e¢3)
IF(DABS(H) s LE.(DABS(HAIN)*1.1C33103)) IF(NQ=-2) 114,
IWEVAL = +2
IF(IFAIL.EQ.1) GO TC 12¢0
TDL=T

RATIC = RATIO*5.D-1

IRET = 1

ISW1=0

ISw2=1

GO TC 300¢C

START OVER WITH ORDER 1 METHCD
IFAIL = O

DO 1090 I=1,N
Y(I,1,1) = SAVE(1l,1I)

T = T0LD
D=DMAX1(1.D-1,CABS(HMIN/H))
H = H*D

GO TC 3C

A NEW BLOCK OF SOLUTICN POINTS HAS BEEN ACCEPTED

IWEVAL = 0

NSTEP = NSTEP + IEQ
KFLAG = -1EQ

RETURN

IWEVAL = ¢

E = ES

KFLAG = NEQ

NSTEP = NSTEP + KFLAG
HNEW=H

CHECK FOR CONTINUATION WITH THZ SAME H AND NQ

IF(ISW2.EQ.1) GO TO 1420
IF(NQeGT«3) ISWl=1-15wl
IF(ISW1.EQ.1) GO TO 1429

NEW STEP-SIZE AND/UOR ORDER SELECTION

RRSAME=1,2D0* (D/E)**ENQSAM
IF(IFAIL.NE.O) GO TO 1389
RMAX = 1l.D-4
DF=DFLOAT(NEQ+NQM1)
IFINQ.NE.1) RMAX=(Q-1.D0)/DF
RRSAME=DMAX1(RKSAME, RMAX)
RRUP = 1.D20
RRDOWN = 1.020
IF(NQ.GE.MAXORD) GO T 1249
D = 0.000
DO 1220 I=1,4N
D1 = Y(I,NGP1,NEQ) - Y(I,NQP1,NEQ-1)
D =D + ((SAVE(N9+I,1) - D1)/YMAX(I))%*2
RRUP = 1.2D0* (D/EUP)**ENQUP

RMAX=Q/DF
RRUP=DMAX1(RRUP,RMAX)

*STNT 601D
*STNT6220C
STNT6030
STNT 61340
STNT 6050
STNT 6060
STNT6CT
STNT 6080
STNT609)
STNT61)C
STNT6110
STNT6120
STNT6130
*STNT 6140
*STNT6150
*STNT 6169
STNT6170
STNT6180
STNT6190
STNT620C
STNT 6210
STNT 6220
STNT623C
*STNT 6240
*¥*STNT 6250
*STNT 6260
STNT 6270
STNT6280
STNT 6290
STNT6300
STNT6310
STNT 6320
STNT633C
STNT 6349
STNT 6359
*STNT 6360
*STNT63T70
*STNT 6380
STNT &390
STNT640)
STNT6410
*¥STNT 6420
*STNT 6430
*STNT 6440
STNT 6450
STNT 6460
STNT&4T0
STNT €480
STNT6495
STNT 6500
STNT6510
STNT 6520
STNT653D
STNT6540C
STNT 6550
STNT 6560
STNT657C
STNT 6580
STNT¢59C
STNT 6690




1240 IF(NQ.EQ.1) GO TC 128)
D = 0.0D0
DO 1260 I=1,N
1260 D =D ¢ (Y(I,NQP1,1)/YMAX(T))*%2
RRDOWN = 1.2DO¥(D/EDCAN)**ENQDWN
RMAX = 1.D-4
IFINQ.NEs2) RMAX=(Q-2.0D0)/DF
RRDOWN=DMAX1(RRDOWN,RMAX)
1280 If (RRSAME.GT.RRUP) IF (RRUP-RRDCWN) 13449, 13), 13CC
IF (RRSAME.LE.RRDCWN) GG TJ 1320
1300 NEWQ = NQM1
D=1.D0O/RRDCWN
GC TO 1360
1320 NEWQ = NQ
O=1.DO/RRSAME
GO TO 1360
1340 NEWQ = NCQP1
D=1.D0/RRUP
1360 If (D-1.1D0) 1420, 1429, 147C
1380 RATIO=RATIO/FRSAME
IRET = 1
ISW1=0
ISw2=1
GG TO 3000C
140C HNEW = H*D
NQ = NEWQ
1420 DO 1460 I=1,N
D=YMAX(])
DO 144C J=1,NEQ
1440Q D=DMAXL(D+sCABS(Y(I,41,J)))
1460 YMAX(T)=D
HNEXT = HNEW
KNEXT = 3+NQ/5

RETURN
Cx
C* THIS SECTICN IS USED WHEN STEP-SIZZ O0OR (QRDER IS CHANGED
Cx* DURING THE CYCLE. STARTING VALUES ARE RFTRIEVED FRQOM THE
C» SAVE AKRAY,
Cx
3000 RATIC = DMAX1 (CABS(HYIN/HOLD)y DMINL(RATIQ, 1.0Dt:))
T = TOLD

IF (RATIC.LT.1.0D0) IF (IDEL) 3230, 3030, 3180
DC 3020 I=1,N .
CY(I,1) = SAVE(9,I1)
DA 3920 J=1,NQ
3020 Y{I+Jyel) = SAVE(J,I)
GO TO (320,260), IRET
Cx*

C* THE (NQST+1)-ST ORDER BACKWARD DIFFERENCE IS ESTABLISHED

C*
3030 IDEL = NQST+1
IF ((NQST.LT42) «ORs (NQ.LTL2)) GO TO 3080
C = DFLOAT (NCST)
DO 3060 I=1,N
D1 = SAVE(9,1)
DO 3040 J=2,NQST

3040 Cl1 = D1 - SAVE(J,I)/DFLOAT(J-1)
3060 SAVE(IBEL,TI) = D¥D1

Cx*

Cx INTERPOLATE FOR N=W POINTS

STNT 61
STNT &
STNT &«
STNT 61
STNT 64
STNT 61
STNT 64
STNT 61
STNT 61
STNT &
STNT6”
STNT6”
STNT 6"
STNT6
STNT &7
STNT 6
STNT 6"
STNT 6"
STNT6
STNT 6¢
STNT6¢
STNT6¢
STNT 6¢
STNT6¢
STNT 6t
STNT6¢
STNT6¢
STNT 6¢
STNT 6¢
STNT6¢
STNT 6¢
STNT6¢
STNT6¢
STNT6¢
*STNT 6¢
®*STNT 6¢
*STNT 6¢
*STNT 6¢
*STNT6¢
STNT7¢
STNT 7¢
STNTT7¢
STNT 7«
STNT Tt
STNT 7
STNT T:
STNT 7’
®«STNT 7¢
XSTNT 7¢
*STNT7]
STNT 7.
STNT 7!
STNT T
STNTT:
STNTT:
STNT 7.
STNT7:
STNTT:
*STNT 7!
*STNT7:




85

% *STNT 7210
3080 DO 3140 I=1N STNT 7228
DY(I,1) = RATIO®*SAVZ(G,I) STNT 7230

IF (NQeLT&2) GU T3 3140 STNT 7249

Dl = 0.0D0 STNT725¢C

DO 3120 J=2,NQ STNT 726D

D1 = D1 + RATIJ STNT7270

D2 = 1,000 STNT 7280

D = 0.000 STNY 7290

DO 3100 J1=2,IDEL STNT730¢C

D2 = D2*(DFLOAT(J1-2) - Cl)/DFLIAT(J1-1) STNT7310

3100 D = D + D2*SAVE(J1,I) STNT 7320
3120 Y(IsJdel) = D + SAVE(L1l,I) STNT7330
314C Y(I,1,1) = SAVE(1l,I) STNT 734G
H = HOLD*RATIC . - STNT7350

C* *STNY 7360
Cx FORM THE BACKWARD DIFFERENCES *STNTT7370
C* *STNT 7380
4000 IF (NQ.LTe2) GC TO 4940 STNT 7390
NQM1 = NQ-1 STNT 7490

DO 4020 1=1,N STNT 7410

DO 4020 J=1,NQM1 STNT 7420

Jo=J + 1 STNT 743D

DO 4020 J1=JD,NQ STNT 7440

J2 = NQ-Jl+J+1 STNT 7450

4020 Y(1,d2,1) = Y(I,42-1,1) - Y(I,J2,1) STNT 7460
4040 GO YO (320,260,180), IRET STNT 7470
Cx* *STNT748¢C
C*x CONVERGENCE OR ERRQOR PROBLEMS *STNT 749D
C* *STNT 7590
4120 NQ =1 - STNT7512
GO TO 4160 STNT 752)

4140 NQ = 2 STNT7530
4160 IFAIL = @ STNT 7540
IRET = 2 STNT 7550
IWEVAL = 42 STNT 7560

GO TO 3000 STNT757¢C

4180 KFLAG = -6 STNT 7580
4185 J1 = NQST + 1 STNT759C
DO 4190 1=1,N STNT 76)C
DY(I1,1) = SAVE(9,1) STNT 7610

DO 4190 J=1,J1 STNY 7620

4190 Y(I,Jsl) = SAVE(J,I) STNT 7630
H = HOLD STNT 7640

T = TOLD STNT 765C
JSTART = NOST STNT 766N
RETURN STNT7670

Cc STNT 7680
C*#t***#*****#****#*********#**##t**###***#*#*********##****************STNT769C
C»* #STNT 7700
C* ——— END OF SURRJUTINE STINT ~--- *STNTT771C
Cx *STNTT772¢
c**:*****t***ttt*ttn*tm***t*x*»x***#v***u**t***vx***#**»*t*x*****##*t*x*sTNT773c
¢ STNT 774
STNTT775(

END




